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Abstract

We present a complexity analysis for strong approximation of Banach
space valued and parameter dependent scalar stochastic It6 integration,
driven by a Wiener process. Both definite and indefinite integration are
considered. We analyze the Banach space valued version of the Fuler-
Maruyama scheme. Based on these results, we define a multilevel algorithm
for the parameter dependent stochastic integration problem and show its
order optimality for various input classes.

1 Introduction

The complexity of stochastic integration was first investigated in [22]. The au-
thors consider the problem of approximating stochastic Ito integrals of the form
Jy F(t, W ($)dW (t), where (W (1)), W(t) = W(t,w), denotes a standard
Wiener process on a probability space (€2,3,P). They studied the complexity
of the problem, which depends on the smoothness of the integration function
f 10,1 x R — R. For this purpose, they analyzed the Milstein scheme and
provided a matching lower bound for certain problem classes. Moreover, they
analyzed the Euler-Maruyama scheme and conjectured its order optimality (for
certain problem classes). This conjecture was later proved to be true in [10]. The
results are based on the assumption that standard information is available, i.e.,
evaluations of f and W(t). The case of linear information was investigated in
[17].

Extending the analysis of [22], we study the complexity of definite and indef-
inite stochastic It6 integration of random functions f : [0,1] x Q@ — X, with X
a Banach space, thus, with f(t) = f(¢,w) we are interested in the approximation
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for all ¢ € [0, 1] simultaneously in the indefinite case, and respectively for ¢t =
1 in the definite case. Stochastic integration in X is closely connected to a
geometric property of X, namely, the martingale type 2. We go beyond this
class by considering functions 7T'f which are images of functions with values in
some Banach space Y under an operator 7' : Y — X of martingale type 2. This
is needed for our second goal in this paper: the investigation of stochastic Ito
integration of parameter dependent scalar valued functions f : @ x[0,1] xQ — R,

/Otf(s,T)dW(T) (scQ.tel01]),

where f(s,7) = f(s,7,w) and Q = [0,1]? is the parameter domain.

The complexity of Banach space valued (non-stochastic) integration was first
considered in [2], the complexity of (non-stochastic) parametric integration has
been treated in [9],[7],[8], and also in [2]. It turned out that the consideration
of Banach space valued algorithms can be crucial for the analysis of paramet-
ric problems. Here we follow the same line to derive algorithms for parametric
stochastic integration and state complexity results. We define and analyze the
Banach space valued versions of the Euler-Maruyama scheme. We obtain the
same order of convergence as for the scalar valued case.

A similar situation occurs in the case of parameter dependent stochastic inte-
gration, where two cases have to be distinguished. In the case of higher param-
eter smoothness we obtain the same rate (up to logarithmic factors) as for non-
parametric scalar stochastic integration. In the case of lower parameter smooth-
ness we obtain the rate (again up to logarithmic factors) of approximation of
functions depending only on the parameter — in other words, a rate as if we had
full knowledge on the integrals. These improvements are achieved due to the
multilevel structure of the algorithms.

The multilevel technique, used here, was first introduced for the complexity
analysis in the randomized setting of problems such as global solution of inte-
gral equations in [6] and parametric integration in [9], see also [7],[8]. Later
such multilevel schemes were used for the approximation of quadrature problems
of stochastic differential equations, see [5]. Our general multilevel algorithm is
a combination of a Banach space valued algorithm and common interpolation
operators connected via multilevel techniques.

We also prove lower bounds which are matching with the upper bounds re-
sulting from the error estimates, thus showing the optimality of the algorithms
and establishing the complexity of the considered problems (in some cases up to
logarithmic factors).

The structure of the paper is as follows: In the second section, we briefly
introduce the needed results from probability theory and stochastic integration



in Banach spaces. In the third section, we analyze the Euler-Maruyama scheme
for Banach space valued stochastic integrals, while in Section 4, we develop a
general multilevel scheme in Banach spaces which is similar to the one introduced
in [2] and [3]. We apply this algorithm to the scalar parametric case in Section
5 and finally, in Section 6, we present the complexity results for the previously
considered problems.

2 Preliminaries

2.1 Notation

Let N = {1,2,...} and Ny = {0,1,2,...}. Let X,Y be Banach spaces. The
closed unit ball of X is denoted by By, the dual space by X*, the identity
operator on X by Ix, and the space of bounded linear operators from Y to
X by Z(Y,X). Let d € N. The space of continuous functions on a compact
set @ C R? with values in X is denoted by C(Q,X) and is equipped with the
supremum norm. Furthermore, if () is the closure of an open bounded set, then
for r € N, C"(Q, X) stands for the space of all functions f : @ — X which
are r-times continuously differentiable (with respect to the norm topology of X)
in the interior of () and which together with their derivatives up to order r are
bounded and possess continuous extensions to all of (). This space is equipped
with the norm

ol £ (s)
oo = sup H
(@X) la|<r,s€Q asoc X

With = (ay,...,aq) € N¢ and |o] = |aq| + -+ + |ag|. If r = 0, we set
C(Q X) = (Q X). For 0 < p < 1 we let €9(Q, X) be the space of all
f € C(Q, X) satisfying

(©.x) = max (||f||C(Q,X), sup |S—t|_9||f(8)—f(7f)||x) < o0,
SHELEQR

For 1 < p < oo and (D, Z,v) an arbitrary measure space, L,(D,Z,v,X) is
the space of (equivalence classes of) X-valued Bochner p-integrable functions on
D, equipped with the usual norm. Note that, by definition, each function in
L,(D,2,v,X) is, except for a set of v-measure zero, the pointwise limit of a
sequence of simple functions. Consequently, for each f € L,(D, Z,v, X) there is
a separable subspace Xy of X such that f takes values in Xy, except for a set of
v-measure zero. If there is no ambiguity about (D, Z,v) we skip Z and/or v. If
X =R, we skip R in the notation above and write C"(Q), €°%(Q), L,(D, Z,v)
etc.

Throughout the paper the same symbol ¢, ¢1, ¢o, ... may denote different con-
stants, even in a sequence of relations. Moreover, for nonnegative reals (a,)nen



and (b, )nen we write a,, < b, if there are constants ¢ > 0 and ny € N such that
for all n > ng, a, < cb,. Furthermore, a,, < b,, means that a,, < b, and b, < a,,.
Let Q = [0, 1]¢. Next we introduce some interpolation operators on Q. For k €

N, let T ={£:0<i< k:} be the uniform d-dimensional grid of meshsize 1/k
in Q. For r,m € N let P € £(C([0,1])) be composite Lagrange interpolation
of degree r with respect to the partition of [0,1] given by I'. and

Pt =Pt e 2(C(0, 1))

its d-fold tensor product. Let
Prif =" fs)enls (feC@) (1)

serd, .

be the representation of P;? with ¢)% € C(Q) (s € TY,,),

Prns(s) =1, @l (t) =0 (teT], . t#s). (2)
The X-valued versions of the operators above are defined as
PrtXp= 3" fls)gpls (f €C(@Q X)), (3)
serd,_

We will consider P7:%X also as an operator from £, (T'¢

Cns X) to C(Q, X) in the
obvious way. There are constants cg,c; > 0 such that for all Banach spaces X
and m € N

Co (4)

com™ ", (5)

125 2@y <
177 = PRt |z or@uxncexy <
where J"X : C"(Q,X) — C(Q, X) is the embedding. The scalar case is well-
known (see, e.g., [1], Th. 3.1.4). For the simple derivation of the Banach space
case from the scalar case we refer to [2], Section 2.

2.2 Stochastic integration in Banach spaces

We introduce some concepts from probability theory in Banach spaces needed in
the sequel. Let Z(X) be the o-algebra of Borel subsets of X, that is, the smallest
o-algebra containing the norm-open sets. A sequence (1;)1; C Lo(2, %, P, X)
is called an X-valued martingale difference sequence, if there is an X-valued
martingale (M;)!, C Lo(Q, X, P, X) with My = 0 and n; = M; — M;_;. The
martingale type 2 constant uo(7) of an operator T' € Z (Y, X) is defined as the
smallest constant ¢ > 0 such that for all probability spaces (2,%,P), all n € N,
and martingale difference sequences (n;)1; C Lo(2, 3, P, Y),

2

n
<) Elnilli-
X i=1




We say that T has martingale type 2 if ps(7) < oo. The space of all operators
from Y to X of martingale type 2 is denoted by .#5(Y, X). Clearly, ||T|| < p2(T),
and endowed with the po-norm, .#5(Y, X) is a Banach space. If X = Y and
T = Ix, we just write us(X) instead of us(Ix), which is called the martingale
type 2 constant of the space X. Correspondingly, we say that X has martingale
type 2 if pa(X) < o0.

All finite dimensional Banach spaces have martingale type 2. If X is 2-smooth,
then it has martingale type 2 (see Pisier [13] and [14], ch. 6, for notation and this
result). It follows that for 2 < p < oo the space L,(D, Z,v), with (D, Z,v) an
arbitrary measure space, has martingale type 2, see also the proof of Lemma 2.1
below.

For our analysis we need the following result, essentially contained in [15].
For the sake of completeness, and since we did not find a direct reference for the
estimate (6), we include the short proof.

Lemma 2.1. There is a constant ¢ > 0 such that for alln € N;n > 2

p2(l3,) < cy/logn. (6)

Proof. First we show that there is a constant ¢ > 0 such that for all p with
2 < p < 0o and all measure spaces (D, Z,v)

p2(Lp(D, Z,v)) < cy/p. (7)

Let M,,n, be as above, with X = L,(D,Z,v). We follow the lines of the proof
of Theorem 10.22 in [16] (see also [15], Theorem 4.21). We have

1 1/2
(G000s 4, + 100 = ) )
1 1/p
< (G000st ks, + 100 = )

1/2
< @M@NL+@—nmwa),

where the latter estimate follows from (10.35) of Lemma 10.34 in [16] by duality,
or use relation (10.37) there, directly (see, respectively, (4.34), Lemma 4.32, and
(4.36) in [15]). We conclude

1
Q(EHMnH%p +E (M, ]7)
1
< §(E’|Mn\|%p +E M,y —nall7,) <EIM, 1|7 + (2 — DE[n.]7,,

thus
E| M7, < E|Muall7, +2(p — DE[|n]|7, -



By recursion

E| M|z, <2(p—1) ) Elnlz,.
i=1
which shows (7). Now let n € N, n > 4 (for n < 4 relation (6) is a consequence
of the elementary scalar case pz(R) = 1) and put p = logyn. Let J : €3, + {} be
the identity. Then
Il =n"=2 [T =1

This together with (7) shows (6). O

Now we introduce the needed notions of Banach space valued stochastic inte-
grals. Let (2,2, P) be a probability space, .# = (%t )o<t<oo, F+ C X a filtration,
let W = (W (t))o<tcoo, W(t) = W(t,w) be a Wiener process on (2,3, P), adapted
to % and such that for 0 < t; < t5 the increments W (ty) — W (¢;) are independent
of #;,. Moreover, we assume that

Qo :={w: W(-,w) is continuous} € ¥, P(p) = 1. (8)

Let 0 < a < b < oo and let A% denote the o-algebra of progressively
measurable subsets of [a, b] x €2, that is, all subsets B with the property that for
cach 7 € [a, b]

BNla, 7] x Qe B(a, 7)) x Z (1€ |a,b])

Let mes denote the Lebesgue measure on [a, b]. We consider the space Ly([a, b] X
0, BF ,mes x P, X), which consists of (equivalence classes) of square-integrable
progressively measurable functions f : [a,b] x Q — X, meaning that f|j - jxq is
B(la, T]) x F-to-#B(X) measurable for all 7 € [a, b].

A function g : [a, b] xQ — X is called a progressively measurable step function,
if there are k € N, points (1;)%, C [a,b], 70 < -+ < 73, and g; € Ly(Q, Z,,, X)
such that

90 =Y gxir®) (H€ 0,8 )

For such a function we define the stochastic integral

/ SO (1) € Ly(€. X)

by setting
k—1

/mwwm=2mwmm—mm» (10)

i=0
Following Dettweiler [4], we say that a function f € Ly([a,b] x Q, BF,X) is
stochastically integrable with respect to W, if there is a sequence of progressively



measurable step functions f,, such that

lim sup [[(f,2) = {(fo: 2 | Ly apjxy = O

n—00 ZGBX

lim
m,n—00

0w~ [ fuwavi
a La(2,X)

The space of all such functions f is denoted by Lo([a,b] x Q, B.F , W, X). The

stochastic integral of f € Ly([a,b] x 2, %, W, X) is then defined as the limit in

Ly(£2, X)) of the integrals of the functions f,,

n—0o0

/f t)dW(t) = lim fn() Wi(t).

It follows from the definition that if z € X*, then

</abf(t)dw(t), z> = /ab (f(t),2) dW (). (11)

Note that X is of martingale type 2, if and only if
Lo(la,b] x Q, BF, X) C Ly([a,b] x Q, BF W, X),

see [4]. For our applications to parametric stochastic integration the class of
spaces of martingale type 2 is too narrow, since (as in [9] and [2]) we want to
study the problem with error measured in the maximum norm. That is, as target
spaces we consider spaces of continuous functions — which are not of martingale
type 2. We therefore use an operator approach, also developed in [4], see section
5 there.

Let X,Y be Banach spaces, let T € #,(Y,X), and let f € La([a,b] %
O BF,Y). We first show that T'f € Lo([a,b] x Q,BF W, X). Indeed, let
g € La([a,b] x Q,Y) be a progressively measurable step function with represen-
tation (9). Then we have

1/2
b k—1 2
[ rowave)| = (2| Y TaW () - W)
a LQ(QvX) =0 X
1/2
< (E N HUCE <n->>2>
= gl (12)

Now let ()52, C Lao([a,b] x ©,Y) be a sequence of progressively measurable
step functions such that

T}Lrgonf_anLQ([a,b]xQ,Y) = 0. (13)



One could take, e.g.,

n—1 t
fultiw) =0 / £, w)dr Xaann) () (14)
i=1 Y ti-1

with ¢, = a + @. It follows that

lim sup [(T'f,2) = (T fu, )l yasiney = O

n—oo 2EBxx
and from (12)

lim
m,n— 00

/ T fu 1)V () — / Tf () dW (1)

L(9,X)
Thus, T'f € Lo([a,b] x Q, B.F, W, X) and
b

/ ‘T FOAWE) = lim | TF.()dW(b), (15)

n—o0 a

in the norm of Ly(2, X'). Moreover, applying (12) to f, and passing to the limit
2 1/2

gives
(E\ [Tf(t)dW(t) X>/ < puo(T) ( /abEnf(t)H%dt) ()

It follows from (15) that the indefinite stochastic integral, that is, the stochastic
integral with variable upper limit

( / T f(T)dW(T))te[ayb} (17)

is a martingale. We claim that there is a version of (17) whose trajectories are
continuous, that is, in C([a,b], X). Indeed, let f, : [a,b] X  — X be as above,
see (13),

kn—1

fa(t,w) = Z fni(w>X(Tninn,i+l](t) (t € [a,b],w € €2),
i=0
with f,; € Ly(Q,X). We can assume without loss of generality that 7,0 = a,
Tnn = b for all n. Define a function h,, : [a,b] X  — X by setting
ho(t,w) =0 if t =0 or w ¢& Qy, (18)

where Qg was defined in (8), and for w € Qo, t € (Tnj, Tnjs1] (7 =0,...,k, — 1)
ha(t,w) = Y Tfuil@)(W(Tni1,w) = W (T, w))

i<j

+T frj (@) (W, w) = W (T, w)). (19)



By (8), hn(-,w) € C([a,b], X) for all w € Q. We define a function
B s Q= C([a,0), X),  hn(w) = ha(-,w).
Then h,, € Ly(2,C([a,b], X)). For t € [a,b] let
6 € L(C([a,b], X), X), g =g(t).

We have .
5thn:/ T fo(T)dW (T).

(20)

Since h,(t,w) is a continuous martingale, we obtain by the Kolmogorov-Doob

inequality and (16),

- -2
B = ol 1 0. 0050

= B sup [hn(t,w) = ha(t,0) % < AE [ (b,w) = ho(b,w)|[5

te(a,b]

/abem(T)dW<T> - /ab Tf, () dW ()

< 41o(T) | fon = Fall oy = O

2

= 4E

X

as m,n — oo. Hence, there is a function h € Ly(Q2, C([a, b], X)) with

|h— — 0.

B”“LQ(QC([“M’X))

It follows that B B
H(sth B 6th”HL2(Q,X) — 0,

which together with (15) and (20) implies

= | TR (),

(21)

with equality considered in Ly(€, X). It follows that the function 6;h(w) is the

desired continuous version, which proves the claim.
We define for w € Q) B
ST(f,w) = h(w).

This way we obtain for each T' € #,(Y, X) a mapping
ST 2 Ly(la,b] x Q, BF,Y) x Q — C(la,b], X)
such that for each f € Ly([a,b] x Q, B.F,Y) we have

ST(fa ) € LQ(Q,C([CL, bLX))

(22)

(23)

(24)
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and for each t € [a, b]

s ) o= ( [ t THEIVG) ) (@) (Pas), (25)

Using the Kolmogorov-Doob inequality once more, it follows that

1/2
(E s (5705, ) <t>||i)

tela,b

< (E )m < 2(r) ( | bEHfmu%df) e

We also consider the respective mapping for definite stochastic integration

2

/ " W ()

a

X

ST Ly([a,b] x Q, BF,Y) x Q — X, (27)
ST(f,w) = (ST(f,w))(D), (28)
which has the analogous properties
and
b
ST(f, w) = (/ Tf(T)dW(T)) (w) (P-as.). (30)

Finally we note the following. For T,T), Ty € 42(Y,X), f € La([a,b] X
O, BF,Y), and 1,72 € R we have

S’YITF‘FWTQ(]C, CU) = 718T1 (f7 (.U) + 725T2(fa CU) (P_a's')’ (31>

and for Banach spaces X1,Y7, operators U € Z(Y1,Y), V € Z(X,Xy), [ €
LQ([av b] X 97%27}/1)

SVIU(fw) =VST(Uf,w) (P-as.). (32)

Indeed, let us verify (32), the proof of (31) is analogous. From (25) we conclude
for each t € [a, b]

)0 = (
_ v ( / tTUf(T)dW(T)> @) =V (STWFw) (1) (P-as).

a

/ VT f(T)dW(T)) ()

a

This, in turn, implies that P-almost surely the following holds

(ST (fw) () = V(STUfw) (1) (t€[a,bnQ), (33)
where Q stands for the set of rationals. But then continuity implies that (33)
holds for all ¢ € [a, b], which yields (32).

The respective statements (31) and (32) also hold for Sy, which follows by
setting ¢t = 1.
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3 Approximation of Banach space valued
stochastic integrals

Let X, Y be Banach spaces, T' € #,(Y,X),0< p <1, and k > 0. Let F¢([0, 1] x
0, Y; k) be the set of all functions f € Lo([0,1] x Q, B ,Y) such that

(E£0,w)[2)"* <k, (34)
Ef(t,w) = F(E D)) < wlt—t)2 (1t €[0,1]). (35)

Moreover, let 2 < g < oo and let F2([0,1] x ©,Y; ) be the subset of all f €
Fe(]0,1] x ©2,Y; k) such that for all finite subsets M C [0, 1]

1/q
(Emlseay) < x (36)

We want to approximate the operators of indefinite and definite stochastic
integration (22-30), with a = 0, b = 1, which we consider here as acting on
Fe([0,1] x Q,Y; k), thus

ST F([0,1] x Q,Y: k) x Q — C([0,1], X), (37)
ST Fe([0,1] x Q,Y;k) x Q — X. (38)

Let n € Nand t, = k/n (k = 0,...,n). We set zp(w) = 0, use the Euler-
Maruyama scheme

Zkr1(w) = zp(w) + fte, w) (W (tkg1,w) — W(tg,w)) (k=0,...,n—1),

and define

where for t € [tg, tpi1], 0 <k <n—1

2(tw) = zp(w) +nlt — ) (zp (W) — 21(w))
= zZp(w) +n(t —tg) f(tg,w) (W (tger,w) — W(tg,w)). (39)

From (3) and (39) we obtain
An(fiw) = Pyt (s(w))iz

= PO f(tj,w>(W(tj+bw)—W(fa‘»“’)))

n

k=0

= ( y Ftg, @)W (tj1,w) = W(%’M))) Pngpr (40)
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with goi%k being the usual hat functions corresponding to the grid 'L = {#;,: 0 <
k <mn}, compare (2).
For the case of definite integration we set

n—1

Ana(fiw) = (Au(fr))(1) = D Flt,w)(W(tn,w) — W(tj,w).  (41)

J=0

Proposition 3.1. Let 0 < p <1, 2 < q <00, k > 0. Then there are constants
1,02 > 0 such that for all X, Y, T as above and all f € F?([0,1] x Q,Y;K)

(E|IST(f,w) = TAwr(f,0)|%)? < caps(T)ne. (42)

Moreover, if f € F2([0,1] x Q,Y; k), then

1/2

(BN (f,w) = TA(f,w)[[E0.x))
< eoua(T)n ™8 + || T||n~?(logn + 1)/, (43)

Proof. Let f € F2([0,1] x Q,Y; k). We set for t € [0,1], w €

u(t,w) = (ST(f,w)) () (44)
up(w) = Tzp(w), v(t,w) =Tz(t,w). (45)
Using (16) and the Kolmogorov-Doob inequality, we get from (25), (31), and (35),

Eorg?x Ju(te, w) — up(w)[%

2

= E max i / T~ F)a ()

< ) - 1))

< Al Z / TR - 1)

< Apy(T)*n~%, (46)

proving, in particular, (42). Now we assume f € F2([0,1] x ©,Y;x) and show
(43). Observe that by (39), (44), and (45), for t € [tx, tgi1]

u(t,w) —v(t,w)
= utw) — ) + (ST(f.) () — (57 () (8)
—n(t — tg)T f(tr, w) (W (tgs1,w) — W(ty,w))
= u(ty,w) — up(w) + Pp(t,w) + Tf(tr,w) (W (t,w) — ¥(t,w)),
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where we defined for t € [ty, tg 1]

Cit,w) = (ST(f.w)) () = (ST(f,w)) (te)
= (b, W)W (L, w) = W (tg, W) (47)
and for ¢ € [0, 1]
U(t,w) = Witk,w) +n(t —te)(W(tker,w) — W(tg,w)). (48)

The process P (t,w) is a continuous martingale on [tg, tx41], while ¥(¢,w) is the
piecewise linear interpolation of the scalar Wiener process. Consequently,

(2 s lutt.) - v(t,mui)m

0<t<1

0<k<n-—1

< (E max [lu(ty, >—uk<w>||i)l/2

1/2
+ (]E max sup ||<I>k(t,w)||§<>

0<k<n-—1 b <t<tpi1

1/2
+ (E max  sup ||Tf(tx,w)(W(t,w) — \I/(t,w))Hz() . (49)

0<k<n-—1 b <t<tpy1

We have, using the Kolmogorov-Doob inequality, (16), (31), and (35),

1/2
(E max  sup ||(I)k(t>w)||§(>

O<k:<n 1 tk<t<tk+1

n—1 1/2 n—1 1/2
(ZE swp i, w)HX) sz(ZEH@k@M,w)Hi)
k=0 t <t<tpi1 k=0
o\ 1/2
X
o 2 1/2
< (T ZE / 1F(7) = Ftdr ) < 2m(Tn-e. (50)

We choose ¢; in such a way that 1/2 =1/¢+ 1/¢; and use Holder’s inequality to
conclude

IN

tk+1

(f(r) = f(t))dW (7)

1/2
(]E max  sup HTf(tk;w)(W<t7w)_\Ij(tvw))|’§(>

0<k<n-—1 tp<t<tpi1

o\ 1/2
< (E( max |7 f(t,)lly sup \W(t,w>—w<t,w>r)>
0<k<n 0<t<1
1/q /g1
< (B, 17r0%) (B sup W) - w0 ) L G
0<k<n 0<t<1
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It is well-known, see, e.g., [19], that the interpolation (48) of the scalar Wiener
process satisfies

/q
(E sup |W(t,w) — \If(t,w)]‘h) < con V*(ogn +1)Y2 (52)
0<t<1

It follows from (51-52) and (36) that

1/2
(E max  sup ||Tf(tk,w)(W(t,w)—‘I’(taw))ni)

Oshsn—ly, <<t 4
< cok||T||n 2 (logn + 1)'/2. (53)
Combining (49), (46), (50), and (53), we get (43).
[l

Remark. Clearly, the case of stochastic integration of functions with values in a
space X of martingale type 2 is contained in the above, with Y = X and T' = Ix.

4 A general multilevel algorithm for Banach
space valued stochastic integrals

Let X,Y be Banach spaces, T,T; € #>(Y,X) (I € Ny), and let [; € Ny,
no,...,n, € N. For f € F([0,1] x Q,Y;k), w € Q we define an approxima-
tion A(f,w) to S(f,w) by

l1

'A(fv w) = Z(T’l - 7}71>Anl(f7 w),

1=0
with the convention 7" ; = 0, and analogously, an approximation A;(f,w) to
S1(f,w) in the definite case.

Proposition 4.1. Let 0 < p <1, 2 < g <00, kK > 0. Then there are constants
c1,¢0 > 0 such that for all X, Y, T, (1})52, as above, l; € Ny, ng,...,n, € N,
feFre0,1] x QY; k),

(EIIST(f,w) — Ai(f,w)]%)"?

l
< aw(T-T,)+a Z po(Ty — Ti-1)n; ¢ (54)
1=0

and, if f € F£([0,1] x Q, Y k),

(E HST(f, w) — A(f, W)H%([o,u,X))
S C2M2(T - ﬂl)

1/2

l1
e 3 (12T = T @ + |15 = Tioallmg *(logmu + 1)Y2) . (55)
=0
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Proof. We have, using (16), (25), (31-32), (34-35), and Proposition 3.1
(EISY(fw) = Ai(f w)%)
T 1/2

< (EIST(f,0) = ST (@)%

1/2

I
F30(BISTT () — (0= o)A (Fly)
=0

Iy

< (T =Ty) + kY pa(Ti = Tioa)n; °.
=0

This shows (54), relation (55) follows analogously, using (26) instead of (16).
]

In the following we estimate the type 2 constants of the operators involved
above by the type 2 constants of their image spaces. We set for [ € Ny

X = cdx(Ti(Y))
Xl,l—l = CIX((,I}_TZ—I)(Y))a

where clx denotes the closure in the space X. Observe that X, _; = Xj. Clearly,
we have

po(Ti —Tim1) < po(X—)| T — Ti-al| 2vix)- (56)

The following lemma is a direct consequence of (56). We omit the elementary
proof.

Lemma 4.2. Let T € Z(Y, X) and assume that

m—00

Then
pa(T) < Y ma(X-)ITh = il vx),
1=0
po(T —1;,) < Z po(Xp—) |11 = Ti—1|| 2 (v,x)-
I=l1+1

5 Parametric scalar stochastic integrals

Let r,d € N, Q = [0,1]%, and let £5(Q x [0,1] x Q) denote the set of all functions
f:@Q x[0,1 x Q2 — R such that for each s € @, f(s,t,w) is progressively
measurable and

f( t,w) e C™(Q) ((t,w) €[0,1] x Q).
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For f € £5(Q x [0,1] x Q) we define a function f : [0,1] x 2 — C"(Q) by setting
for t € [0,1], and w € Q, )
f(t,W):f(‘,t,W). (57)

Lemma 5.1. If f € £5(Q x [0,1] x Q), then f is progressively measurable.
Proof. Let 62 € C"(Q)* be defined for v € N§, |a| <7 and 5o € Q by

N dlelg
550(9) = s (SO

Let 7 € [0, 1]. We have for t € [0, 7], w € Q
580 (f(t,(.d)) = f(So,t,W).

It follows from the properties of f that 62 o f, restricted to [0, 7] x Q is Z([0, 7]) X
Z. measurable. Now assume |a| = 1, with say a = ¢;, the i-th unit vector,
and let (8;)22; C R be any sequence with 3; # 0, 8; — 0 as j — oo and
(50 + Bjei)32 C Q. Then we have for t € [0, 7], w € Q

52 (f(t,w)) = lim 0oy ipe, (f(tw)) =00 (f(t,w))

J—00 ﬂj ’

hence 62 o f, restricted to [0, 7] x Q is 2([0,7]) x F, measurable. Continuing
this way, we obtain that the same holds for all « with |o| < r.
Let g € C"(Q), n € N, a > 0, and let (s;)32, C @ be a dense sequence. Then

{tw)e [O,T} xQ: f(t,w) € g+ aBorg) )
= () {tw) €07 xQ: 60 f(t,w) € [62(g) — a, 0% (g) +a}

€N, |a|<r

e A(0,7]) x Z,,

which shows the progressive measurability of f.
O

Now let 0 < p < 1,2 < ¢ < oo and let F(Q x [0,1] x Q; k) denote the set
of all functions f € L£;(Q x [0,1] x Q) such that

/2
(B 00)g) < & (58)
/
(E ||f(-,t,w)—f(nt’,w)H?;r(Q))l2 < wlt—t° (t,¢ €[0,1]). (59)

Moreover, let F7¢(Qx [0, 1] x€2; k) be the subset of those f € F™¢(Q x [0, 1] x; k)
which fulfill

1/q
. q <
(EmlfColtg) < 5 OrCOILP<). 6
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Next we connect the parametric setting to the Banach space valued setting.
We put
X=0Q), Y=0C"(Q), T=J:C"(Q)— CQ),

where J is the embedding map. For f € F™¢(Q x [0,1] x Q; k) let f:[0,1] x Q —
C"(Q) be given by (57). It follows from Lemma 5.1 and the assumptions (58—
60) that f € F2([0,1] x Q,C"(Q); k), and if f € Fre(Q x [0,1] x Q;x), then
f e Fe(0,1] x Q,C™(Q); k). Next we set

T, = Pyl (61)
Corresponding to the convention 7"_; = 0 we define P”l1 = 0. We have

X1 = Pyt(CT(Q) € P(CT(Q) = X,

2l—1

and therefore also X;;—1 C X;. Furthermore, it follows from (4) and the interpo-
lation property that

| Byt e x| < e, H (7) T tm )
Hence, using Lemma 2.1, we obtain for [ > 1
pa(Xig1) < pa(Xp) < e(l+1)V2,
Moreover, by (5), ||J - PQTZdJ”.Z(CT(Q),C(Q)) — 0 as [ — oo and
P50~ P £ @

Thus, Lemma 4.2 yields

1@ @) = 3 |57
=0
< o) 1+ < (63)
=0
and
i (J Pl C”(Q)—>C(Q)) < efly + 1)1227h, (64)

It follows that S7 and S are well-defined. We have

S7(f,w) € C([0,1],€(Q)) = C(Q x [0,1]) (65)

(canonical identification) and

Si(f,w) € C(Q).
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Now we are ready to define the operators of indefinite and definite parametric
stochastic integration

L F(Q x[0,1] x Q;k) x Q —  C(Q x [0,1]) (66)
A:FQ x[0,1] x %k)xQ — C(Q) (67)

by setting B B
y(f7w>:SJ(faw)> Yl(f,w):S{(f,w). (68)

It follows from (28), recalling also the canonical identification (65), that
(A(f)(s) = (S(],w) (5) = ((87(F,w) (1) (5)
= (87(f,w) (s, 1) = (L(f,w))(s,1) (s € Qw € Q). (69)

Moreover, we conclude from (11) and (25) that for s € @, t € [0, 1]
(L, Ns.t) = ((S7(F ))(®),0) = </O Jf(T)dW(T),5s>
- /0 (JF(r), ) W (r) :/0 s, 1)dW(r),  (70)

with equality considered in Ly(2). For ¢ = 1 and s € () we get from (28) and
(70)

AL NS = (Z(F)s1) = / £(s,7)dW (7) (71)

in Ly(€2). Thus, we obtained continuous versions of the processes given by para-
metric indefinite and definite stochastic integration.
Now we introduce the corresponding version of the general multilevel scheme

of Section 4. Fix [ € Ng, ng,...,n;, € N, let f € F2(Q x [0,1] x ©; k) and
w € (). For the indefinite problem we set

l1

o (f.w) =3 (P = P ) (Aw(fort)) e, (72)

=0

where f; is given by fs(t,w) := f(s,t,w) (t € [0,1], w € Q) and Pp-1 := 0. In the
definite case we put

51

A(f.w) =3 (P = Pt ) (Auya o) e, (73)

=0

From (61) we obtain

”Q{(faw):A(.fvw)v M(f,w):A1<fT,w). (74>
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Taking into account (40), we can rewrite (72) as follows. For s € Q, t € [0, 1]

Z(Zulkffw%z Z Ulucaw%zl ())<P11(t)

”Ll
d
O‘EFTQZ UEFT 1

wins) = Ss(oe) (v () 2w (30)) wsre

and uy, = 0 for [ = —1. Similarly we obtain from (41) and (73), for s € @,

M

(P (f,w))(s)
I
= Z( Z Upn, (0, w cp2l Z U—1m, (0, w 802}d170<5)>'
=0 \ogerd, oel?

Let card(A), A = 4,4, denote the number of values of f and W used in
algorithm A (see Section 6 for a general definition in the context of complexity
theory). Then we have

I
card(e/) = card(aA) < ¢ m2". (75)
=0

Proposition 5.2. Let r,d e N, 0 < p < 1,2 < q < oo, k > 0. Then there
are constants ci,co > 0 such that for all l; € Ng, ng,...,n, € N, f € Fre(Q X
[0,1] x 2 5),

1/2
(E A (fw) = A(f)|Eo) "
I
S C1<ll + 1)1/227711 + 1 Z(l + 1)1/22*7‘1,”/;@ (76)
=0

and for all f € F;°(Q x [0,1] x ; k)

1/2
(E |7 (f,w) — 2 (f, W)H2C(Qx[o,1]))
Iy
< o+ )2 Y 2 ((z + 1) 4 0 (log g + 1)1/2) (77)
=0

Proof. The result follows from Proposition 4.1 together with (61-64), (68), and
(74). O
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Theorem 5.3. Let r,d € N, 0 < p < 1, 2 < q < oo. There are constants
ci—4 > 0 such that the following hold. For each n € N with n > 2 there is a
choice of Iy € Ny and ng, . ..,n;, € Ny such that card(<#;) < e1n and

sup (E[A(f,w) = 2 (f,w)l[Ee)"

FEFT2(Qx[0,1]xkK)

n~"/(logn)/? if r/d< o,
< ey nfr/d(log n)r/d+3/2 Zf T/d = o, (78)
n-e if /d > o.

Simalarly, for each n € N with n > 2 there are l; € Ny and ng,...,n;, € Ny such
that card(e/) < cgn and

sup (E |7 (f,w) - %(ﬁw)H%(QX[O,l]))l/Q
FEF2(Q%[0,1]xQsk)

n~"/(logn)'/? if r/d < min(g,1/2)
n~"/4(logn)"/3/2  if r/d = min(g, 1/2), (79)
c
= n~1/2(logn)'/? if r/d > min(p,1/2), 0 > 1/2,
n-e if /d > min(p,1/2), 0 < 1/2.
Proof. Let n € N;n > 2, and put
logn
I = { : w (80)
Furthermore, let 6 € {0,1}, 0,1 > 0, and set for [ € Ny, | < 1y
nl — "(ll + 1)—92d(l1—l)—50l—51(11—l)—‘ . (81)
We start with definite integration. From (81) we obtain
(l + 1)1/22—rlnl—g < (l + 1)1/2(l1 + 1)QQQ—Tl—gd(ll—l)+g(50l+g51(l1—l)
= (L + 1>99(l + 1)1/22—(r—950)l—9(d—61)(11—l). (82)
Combining (76) and (82), we conclude
1/2
B o= s (E|Afw) - A 0)e)

fEFT2(Qx%[0,1]xX2K)
I
< e+ 1)V el 4 1)%0) (14 1) P2 irmedlimedanthith (g3
1=0
First we consider the case r/d < p. Here we set 6 = §; = 0 and choose §; > 0 in
such a way that o(d — d;) > r. Using (83), we obtain
1
El S C(ll + 1)1/22—7”l1 +CZ(Z + 1)1/22—7"l—g(d—51)(l1—l)
1=0
< c(ly +1)Y227 < en~d(log )2,
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If r/d= o, welet § =1, 6g =6, = 0. Then (83) yields

l1
By < ol + 1)V el + 1)) (14 1)
=0
< C<ll+1>r/d+3/22—rll < cn_r/d(logn)T/d+3/2.

Finally, if r/d > p, we set §# = 6; = 0 and choose dy > 0 such that r — pdy > od.
From (83) we obtain

I
Ey < elly + 1)1/22_”1 + Z(l + 1)1/22—(7“—@60)1—961(11—1)
1=0
< 279 < el

Now we pass to indefinite integration. Using (81), we get
277 (14 1Mo+ (g m + 1)172)

< 0271”[(([ 4 1)1/2(l1 4 1)9927901(1171)+g5oz+951(1171)
S — 1+ DYV2( 1)9/22%1(11fl)/2+501/2+51(1171)/2)

= c(l, + 1>9Q(l + 1)1/22—(7"—950)1—9(!1—51)(11—l)
—|—C(l1 + 1)9/2(l1 I+ 1)1/22—(r—50/2)l—(d—51)(l1—l)/2‘ (84)

If r/d < min(p,1/2), we set § = §p = 0 and choose ¢; > 0 in such a way that
r < (d —61) min(p, 1/2). Using (77) and (84), we obtain

I
E < c(l1+1)1/22—rll+CZ<Z+1)1/22—rl—g(d—61)(ll—l)
1=0
5

+CZ(11 — [+ 1)/2p g (d=d)(hi-l)
=0

< e(ly + 1)V < en/4(logn) Y2,
If r/d = min(p, 1/2), we let § =1, §o = d; = 0. Then (77) and (84) yield

I

E < C(ll + 1)1/22—7"l1 +C(l1 + 1)9 Z(l + 1)1/22—rl—gd(l1—l)
=0
I
—i—c(ll + 1)1/2 Z(ll 4+ 1)1/22—7«1—5(1(11—1)' (85)

=0
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We distinguish between three subcases. If r/d = p < 1/2, then (85) yields

E < c(ly+DY227mh (1 +1)e3/2970 (1 4 1)Y/227h
< C(ll + 1)r/d+3/2277‘l1 < Cnfr/d<logn)r/d+3/2.

Ifr/d=0=1/2, (85) gives

E < c(ly +1D)Y2270 pe(ly 4 1)9M3/227 (1 + 1)%270
< C(ll + 1)r/d+3/22—rl1 < Cn—r/d(log n)r/d+3/2'

Finally, if r/d = 1/2 < o, we conclude from (85), taking into account that o < 1,

E < c(ly+1D)Y227m0 (i 4+ 1)2H227 Lg(l +1)%270
< C(ll + 1)r/d+3/22—rll < cn_r/d(logn)r/d+3/z.
Now we assume r/d > min(p, 1/2). Here we set § = ; = 0, and choose &y > 0
such that r — dp max(p, 1/2) > dmin(p, 1/2). Then (77) and (84) imply
I
E < C(ll + 1)1/22—r11 +CZ(Z+ 1)1/22—(r—960)l—gd(l1—l)

=0
1

+CZ(ll - l + ]_)1/22—(7‘—50/2)l—%d(l1—l). (86)
=0

We consider two subcases. For ¢ > 1/2 we get from (86)

Iy
E < ellh+ 1)1/22411 +ooly + 1)1/2 Z o (r—000)l—}d(L 1)
1=0

< el + )Y Lol + 1) 22l < en Y% (logn)Y2.
If o < 1/2, we have
(11 iy 1)1/227(%50/2)17%&1171) < 9~ (r=00/2)l—ed(l1—1)

Y

so we obtain from (86)

I
E S C(ll + 1)1/22—7‘l1 +CZ(Z_|_ 1)1/22—(7“—50/2)l—gd(l1—l)
1=0
< 279 < epe
This completes the proof of (78) and (79).
It follows from (75), (80), and (81) that

51
card()) = card(/) < 2% +c(ly +1)7° Z gdi—dol=d1(L—1)
=1
< 2 < cn,

provided dg + 61 + 6 > 0, which holds in all cases considered above.
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6 Complexity

We work in the framework of information-based complexity theory (IBC) as dis-
cussed in [20, 12]. Here we briefly describe the general setting for strong approx-
imation of stochastic problems. An abstract problem is given by a tuple

P = (F,(Q,%,P),G, S, K, A).

Here F' is a non-empty set, (£2,%,P) a probability space, G a normed linear
space, and S a mapping from F' x §2 to G, called solution operator. We assume
that for each f € F the mapping w — S(f,w) is X-to-Borel-measurable and
P-almost surely separably valued, the latter meaning that for each f € F' there
is a separable subspace G of G such that

P{w: S(f,w) € G¢} =0.

Furthermore, K is a non-empty set, and A is a set of mappings from F x Q to
K, the set of admissible information functionals.

In this paper we restrict our attention to nonadaptive deterministic algo-
rithms. An nonadaptive deterministic algorithm A for &2 is a tuple

A:<)\17"‘7)‘n790)7

where n € N, A,..., A\, € A, and ¢ is an arbitrary mapping from K" to GG. The
output A(f,w) € G of algorithm A at input (f,w) € F x Q is defined as

A(f7w) = QO(/\l(fvw)v s ’/\n(faw))'

We require that for each f € F the mapping w — A(f,w) is X-to-Borel measur-
able and P-almost surely separably valued. Note that the algorithm definition
does not involve S. For a fixed n € N we denote the set of all such algorithms
by @3 (F x Q,G). The number n is called the cardinality of A. The error of an
algorithm A € &% (F x Q, G) is defined by

6(57 AvF X Q,G) = SupE ||S(f7w> - A(f7w)||G
fer

Finally, the n-th minimal error is defined for n € N as

en(S, F xQ,G) = inf e(S, A, F x Q,Q),

Acddet (Fx0,G)

that is, e,(S, F x Q,G) is the minimal possible error among all deterministic
algorithms that use at most n information functionals.
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6.1 Banach space valued setting

Let X, Y be Banach spaces, T' € (Y, X), T #0,0<0<1,k>0,2 < g < 0.
For the definite integration problem we choose F' = F¢([0,1] x Q,Y; k), G = X,
S=S5 K=XUR, and

= {51? e [Oa]-]vl 2071}7
where for f € F', w € ,
0 (fow) =Tf(tw), 6(fiw)=W(tw).

Note that a part of the information is Banach space valued. Thus the Banach
space valued definite stochastic integration problem is given by

P = (Fe([0,1] x Q,Y;k), (2,3, P), X, ST, X UR, AT).

In the indefinite case we choose F' = F2([0,1]xQ,Y; k), G = C([0,1], X), S = ST,
K = XUR, and A = AT as above. Then the indefinite problem is described by

P = (F2([0,1] x 2,Y;£),(2,%,P),C([0,1], X), ST, X UR, AT).

Next we state a complexity result for Banach space valued stochastic integration.
We use the following abbreviations

en(ST) = e, (ST, Fe([0,1] x Q,Y; k) x Q, X),
en(ST) = en(STFL([0,1] x Q,Y; k) x Q,0([0,1], X)).

Theorem 6.1. Let X,Y be Banach spaces, T € #(Y,X), T # 0, k > 0,
0<0<1,2<q<oo. Then the following hold

en(ST) < n—e

o~ J n? if 0<1/2
enlS )A{ n~12(logn)'? if o0>1/2.

Proof. The upper bounds follow immediately from Proposition 3.1. The lower
bounds can be shown by reduction to the scalar valued setting: Let yo € Y be
such that ||lyo|ly = 1 and Tyy # 0. Choose a V € X* with ||[V|x+ = 1 and
(T'yo, V') # 0. Define the mapping U : R — Y by U = kfyo. Then f € Beye(o)
implies Uf € F2([0,1] x Q,Y; ). Consider the scalar problems

Pl = (Bgeqo), (2, 3,P), R, S* R, A)
P = (Byeqor, (0, 2, P), C([0,1]), S R, A™®),

Let f € Byge(o,1))- Since VI'U = (T, V) (it is convenient for us to consider V'
also as an operator V € Z(X,R)),we conclude from (31) and (32),

VST(Uf,w) = SYTY(f,w) =k (Tyy, V) S™®(f,w) (P-as.). (87)
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and similarly,
VSI(Ufw) = KTy, V)SF(fw) (Pas), (88)
It is easily checked that an algorithm
A€ AN (F[0,1] x Q,Y;k) x Q,C([0,1], X))
for PT induces an algorithm A € A3 Bge(o1]) X 2, C([0,1])) for P& given by
A(f,w) = K (Tyo, V) AU f,w), V) .
Using (87), we conclude

e(S™, A, Byeo(o,1y) x ©2,C([0,1]))
= sup E HSI]R (f,w) — A( f,W)HC([OJ])

F€Bswe(o,1))
= /<;*1|(Ty0,V)|_1 Sup EH <ST Uf,w) V> Ufw HC’[O 1])
feBge(o0,1))
< T I s E[STUfw) - A(Uﬁw)Ho({o 00
fe€Bwe(o,1) o
< AT (Tyo, VYT e(ST A FR(0,1] x 2,5 5) x Q,C([0, 1], X)),
hence
en(ST,F2([0,1] x Q,Y; k) x Q,C((0,1], X))
> K [(Tyo, V)| en(S™, Byeogon x 2, C([0,1])). (89)
Arguing similarly, we obtain from (88)
en(ST F2([0,1] x Q, Y5 k) x Q, X)
>k [(Tyo, V)| en(S1%, Bae(o.)) < Q,R). (90)
It was shown in [18] that
en(S{R,Bm([o,l]) x QR) > en™°. (91)
Using this and (89), we derive
en(ST, F([0,1] x QY5 5) x Q,C([0,1], X))
> |<Tyo, V)| en(S™, Byeo x 2.C((0,1]))
> #|(Tyo, V)| en(S1", Beogoay x LR) > en”e, (92)

where we used (28) again. Thus, the lower bound of the definite case in Theorem
6.1 follows from (90) and (91). For o < 1/2 the lower bound for the indefinite
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case is a consequence of (92). Furthermore, the indefinite scalar case contains
for f = 1 the problem of approximation of the Wiener process W (t,w) itself.
Therefore we get from [19] and [11]

en(S™, Bye(o.a) x Q, C([0,1])) > en™/*(logn)*/2. (93)
Thus, for ¢ > 1/2 the lower bound of the indefinite case follows from (92) and

(93).
]

6.2 Parametric setting

For definite integration we choose F' = F"2(Q x [0,1] xQ; k), G = C(Q), S = .7,
K =R, and A is given by

A:{(;St: SEQ,tE [0,1]}U{5t te [071]}7
where for f € F, w € Q,
5st(f7 W) = f(37t)7 5t(f7 w) = W(taw)'

Here we have R valued information consisting of values of f and W. So the
definite integration problem is defined by

Py = (Fre(Q % [0,1] x Q4 5), (2,5, P), C(Q), #1, R, A).

Moreover, for the indefinite problem we set F' = F;’Q(Q x [0,1] x k), G =
C(Q x[0,1)), S = ., K =R, and A as above, thus, the indefinite integration
problem is described by

P = (F(Q x [0,1] x ), (2,5, P), C(Q x [0,1]), &, R, A).
We write for brevity

en(F1) = en(FA, F7(Q x [0,1] x Q; k) x Q,C(Q)),
en(S) = en( L FO(Q x [0,1] x k) x 2,C(Q x [0, 1])).

Theorem 6.2. Letr,d e N, Kk >0, 0< p <1, and 2 < q < oo. Then we have
in the definite case

n"i e, ()2 nTilogn)z if L<o
n"d < e ()= ni(log n)§+% if L=o0
en(S) < n? if 5> o0
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Moreover, in the indefinite case,

n~i < e,(#) = ni(logn)z if o<z ANL<o

n"a < e,(7) = n-i(logn)itz if o< SAL=0p
en(S) =< n° if Q<%/\§>Q

n"i < e, (L) = n‘ﬁ(logn)% if 0> % N5 < %
n-i(logn)s X en(F) X noa(logn)? if 0= j AL =14
en(S) =< na(logn)z  if o>iAt>L

Proof. The upper bounds follow immediately from Theorem 5.3. To prove the
lower bounds, define

Ry : Borg) — F%(Q x [0,1] x Q;5),  (Ri(g))(s,t,w) := Kg(s).

Let g € Ber(g).- Then according to definition (57), Ri(g)(t,w) = xg. Using (68)
and (30), we obtain

S(Ri(g),w) = S (m, w) = kg (/01 dW(t)) (W) = kW(1,w)g (P-as.).

Now let A € &3 (Fme(Q x [0,1] x Q; k) x Q,C(Q)). We have

e(yla A7 RI(BC'T(Q)) X Q? C(Q))
= sup E[A(Ri(g9),w) — A(Ri(9),w)llcw
9€Ber ()

= sup [E ||/<¢W(1,w)g — A(Rl(g)a w)”C(Q)'
9€Bcr (@)

P{w: W(1,w) > 1} x
ap B ([5(1,0)g — AR (9), ) leo|IW(1Lw) > 1)

gEBCr(Q)

v

> ¢ sup E(Hg—mA(Rl(g)a@

gGBCr<Q)

W(l,w) > 1) . (94)

c@)
Set Qp :={w € Q: W(1,w) > 1} and define

A(g) = A(Ri(g),w) (we )

W (1,w)

Then
A= (00,210 PIf), (41) ., )

with X|€; the induced o-algebra and P|€2; the normalized restriction of P, is a
randomized algorithm for the approximation of the embedding J : C"(Q) — C(Q)
of cardinality < n. From (94) we conclude

en( 1, Ri(Borg) x Q,0(Q)) > ce™(J, Bor(g), C(Q)) > en™ "
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(the latter relation being well-known, see [21], [12] for this result and also for the

definition of the randomized n-th minimal errors e/*"). We conclude that

en (A, F7(Q x [0,1] x k) x Q,C(Q))
> cen(ylv Rl(BC"(Q)) X Qa C(Q)) > Cnir/da

and therefore, using (69),

Gn(y,Rl(Bcr(Q)) X Q,C(Q X [O, 1]))

en(S, Fy?(Q x [0,1] x Q; k) x Q,C(Q % [0,1]))
>
> (A, Ri(Borg) x 2,0(Q)) > en™"/4,

Now we show that, similarly to the Banach space case, real-valued stochastic
integration reduces to parametric stochastic integration. Let yo € C"(Q), yo = 1,

let Ve C(Q)* be given by (g,V) = ¢(0), and U € Z(R,C"(Q)) by UB = Syo.
Define

Ry Bye(o) = F2(Q x [0,1] x k), (Ra(f))(s,t,w) = Kf(t).
Let f € Bge(o.1)- Then Ry(f) = Uf. By (32) ,
VI (Ry(f),w) = VS'(Ufw)=8""(fw)=rS"(fw) (P-as.),
and similarly,

VARAf),w) = rS{E(fw) (P-as.),

It is readily verified that an algorithm for .#] can be turned into an algorithm
for S{R of the same cardinality, and similarly for . and S™. Following the same
pattern of proof as in the Banach space case, we obtain, taking also into account
(91),

en(F, F2(Q x [0,1] x k) x Q,C(Q))
> /ﬁen(S{R,ng([oJ]) x Q,R) > en™¢,

and respectively, using (92) and (93),

Hen(SI]R, Bcgg([o’l]) X Q, C([O, 1]))

en(, FPP(Q x [0,1] X k) x Q,C(Q x [0,1]))
>
> cmax(n?, n"%(logn)'/?).

]
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