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Abstract

We continue the study of randomized approximation of embeddings be-
tween Sobolev spaces on the basis of function values. The source space
is a Sobolev space with nonnegative smoothness order, the target space
has negative smoothness order. The optimal order of approximation (in
some cases only up to logarithmic factors) is determined. Extensions to
Besov and Bessel potential spaces are given and a recently posed problem
by Novak and Wozniakowski is partially solved. The results are applied to
the complexity analysis of weak solution of elliptic PDE.

1 Introduction

In this paper we study randomized approximation of Sobolev embeddings W (Q)
into W7 (Q), continuing the investigations from [10], where the case s = 0 and Q
being a cube was considered, and from [11], concerned with the case s > 0, @ a
bounded Lipschitz domain. Now we deal with the case s < 0, again in general
Lipschitz domains ). We determine the optimal order of randomized approxi-
mation based on function values (sometimes only up to logarithmic factors). The
results are new even for the case of () being a cube and p = ¢ = 2.

The case s < 0 is of interest in view of its role for weak solution of elliptic
partial differential equations. We present some consequences in this direction.

The paper is organized as follows. In section 3 we study the case r = 0.
This is the essentially new situation, and we develop a multilevel Monte Carlo
approximation algorithm. In section 4 we combine it with the algorithm from
[11] to cover the case of general r. The deterministic setting is discussed in
section 5, which also contains comparisons between the rates of deterministic and
randomized approximation. In section 6 we extend the results to other types of
function spaces, which leads, in particular, to the solution of open problem 25



of Novak and Wozniakowski [15] for the case of standard information. Finally,
in section 7 an application to the complexity of weak solution of elliptic PDE is
shown.

Many results are formulated in a slightly stronger way involving the dual of
a Sobolev space with positive smoothness order as target space. These spaces
are closely related to Sobolev spaces with negative smoothness order (see relation
(127)), and the respective results for the latter are easily derived using duality
(see Corollary 4.3 for Sobolev spaces and relations (171), (172), and Theorem 6.4
for the same situation in other function spaces).

2 Preliminaries

The paper is a direct continuation of [11]. Therefore we frequently use notation
from there and refer to [11] for explanation. For 1 < p < oo we denote by p* the
dual exponent given by 1/p+1/p* = 1. For a normed space X we denote the unit
ball by Bx and the dual space by X*. Throughout this paper log means log,.

We need some results on Banach space valued random variables. Given p with
1 < p < 2, we recall from Ledoux and Talagrand [12] that the type p constant
7,(Z) of a Banach space Z is the smallest ¢ with 0 < ¢ < 400, such that for all
n and all sequences (z;)", C Z,

n
=1

where (g;) denotes a sequence of independent symmetric Bernoulli random vari-
ables on some probability space (2, X,P), i.e. P{e; =1} =P{e; = -1} = 1. Z
is said to be of type p if 7,(Z) < oo. Trivially, each Banach space is of type 1.
Type p implies type p; for all 1 < p; < p. For 1 < p < oo all L, spaces are of
type min(p, 2). Moreover, the spaces £} are of type min(p,2) uniformly in n, that
IS, Tmin(p,2) (€2) < c¢. Furthermore, ¢;(log(n + 1))"/2 < 75(%) < ca(log(n + 1))/2.

We will use the following result. The case p; = p of it is contained in Propo-
sition 9.11 of [12]. The proof provided there easily extends to the case of general
p1 using some further tools from [12].

P n
<&y |l (1)
i=1

Lemma 2.1. Let 1 < p < 2, p < p; < oo. Then there is a constant ¢ > 0
such that for each Banach space Z of type p, each n € N and each sequence
of independent, mean zero Z-valued random variables ((;)1, with B ||¢||"* < oo
(1 <i < n) the following holds:

n 1/p1 n 1/p
(EHX_)C ) < cm(Z)(Z (EH@H“)W) -

1=




Proof. Let (2,%,P) be the probability space the (; are defined on. Let (g;),
be independent, symmetric Bernoulli random variables on some probability space
(', ¥ P") different from (€2, X,P). We denote the expectation with respect to
P’ by E' (and the expectation with respect to P, as before, by E). Using first
Lemma 6.3 of [12] and then the equivalence of moments (Theorem 4.7 of [12]),

we get
n . 1/m n o 1/pm
i=1 i=1
i p1/p He
< 2¢p (E <E/ H Z 5iCz‘HP> ) ) (2)
i=1

where the constant ¢, ,, depends only on p and p;. Next we use the type inequality
(1) and the triangle inequality in L,,, (€2, P) to obtain

" 1/p1 . .
(E <E/ I ;QQHp)pl/p) < n(2) (]E <z:1: HQHp)pl/p>
n 1/p
< (2) (Z <IE ||<Z.Hp1)p/p1> ' )

=1

Combining (2) and (3) completes the proof.

3 The case r =0

Let d € N, let @ C R? be a bounded Lipschitz domain (see [11], section 2
for details) and let s € Ny, 1 < p,q < oo. In this section, starting from an
approximation of the embedding

Jro: Wi (Q) — Ly (Q), (4)
we produce and study an approximation of the mapping
Ji = Jiol D Ly(Q) — W;*(Q)*; (5)
where J7; denotes the adjoint operator, and
I Lp(Q) — Ly (Q)° (6)

is the identity for 1 < p < oo and the canonical embedding L;(Q) — L. (Q)* for
p = 1. In other words, J; f is given for f € L,(Q) by the relation

(1f)(g) = /Q f@)g(@)de (g€ W (Q)). (7)
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The Sobolev embedding theorem (see [1], Th. 5.4) states that, if

s A
L<psoo and 5= (5-1),
or
p=1, 1<g<oo, and §>q% (8)
or
p=1, q € {l,00}, and gzq%, )

then the embedding of W.(Q) into L,-(Q) is continuous, and hence, so is J; :
Ly,(Q) — Wi (Q)*. Here we used the notation a, = max(a,0) for a € R.

Let 0 € Ng, 0 > s — 1, let P, be the space of polynomials of degree not
exceeding ¢ and let ¢; (j = 1,...,k) be any basis of P, which is orthonormal
with respect to the Ly([0,1]?) scalar product. Let P : Ly([0, 1]4) — P, be defined
by

Pf=> (fre)onee; (f € Li([0,1]%). 9)
j=1
Here and below we use the notation

(9. ) = /C g(@)h(x)dr, (g,h) = (g, h)o.

Clearly,
Pf=f foral feP, (10)
Let Q be any axis-parallel cube
Q=0+ [0,0]? with Qc Q. (11)
For | € Ny let
2dl
Q=Uau,
i=1

where the @Qy; are cubes of sidelength 527! and of disjoint interior. Let z;; denote
the point in );; with minimal coordinates. Let the scaling operators Fy; and Ry,
acting from F(R?), the space of all scalar functions on R?, to F(R?), be defined
for f € F(RY) and x € R? by

(EBuf)(x) = f(au + b27'x) (12)
and
(Ruf)(w) = f(b~2'(x — 2)). (13)
Clearly, (12) and (13) imply for 1 < u < oo and f € L,(R?), g € L,(R?),
(Euif, g)ra = b2 (f, Rig)sa. (14)
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Define
7 = {i:1<i<2” Q, CQ}
Ki = {k:1<k<2" QunQ#0}

Thus, Z; is the set of indices of all 'small’ cubes contained in @, while IC; is the
set of indices of all ’small’ cubes intersecting (). Put

Note that
Q C Qi CQr

Lemma 3.1. There are constants ay > bv/d and ly € Ny such that for all 1 > I
and for all k € IC; there is an i € I; such that

Que € Bz, ap27h).

This is a simple consequence of Lemma 3.2 in [11], where [, is the same as
there and ag = a + bv/d, with a the other constant from that lemma.
Using Lemma 3.1, we choose for | > [y any disjoint partition

1€1;
with
Qu € B(zy,a027") (k€ Ky) (15)
For 7 € Z; put
Qu=J Qu
keky

By definition,
Q= Qu (16)

and . .
wWQuNQy)=0 (i#j€eL), (17)
with £ being the Lebesgue measure on R?. Summarizing, we have covered Q by

p-almost disjoint sets @y eacl} consisting of ’small’ cubes close to ;.
For [ € Ny, | > Iy, define P, : L1(Q) — Loo(Q;) by setting

Pf =) xg,RuPEuf (18)
i€T;
and P, : L1(Q) — Loo(Q) by restriction,
Bif = (Pf)le. (19)

We need P, (more precisely, P;*) for the approximation of .J;, while P, will be used
to derive certain estimates. Let & : W2 (Q) — W (R?) be a bounded extension
operator (see [16]).



Lemma 3.2. Assume that the embedding condition (8) holds. Then for 1 > Iy

sup ||€f - plf”Lp*(Ql) < ¢ 9~ sl+max(1/p—1/¢,0)dl (20)
FeBws, @

Proof. We denote B = B°(0,2aq/b), where aq is the constant from Lemma 3.1
and b from (11). By (8),

1Al < ellfllwemy (F € We(B)). (21)
It follows from (9) and (21) that for f € W;.(B)
I1Pfllz,emy < cllfllws - (22)

Let
1/¢*

gz = D IDFIL 5

|laf=s

if ¢* < oo, and
| fls,00,8 = {n|ax D% fl| oo (B)-
=S

By Theorem 3.1.1 from [2] there is a constant ¢ > 0 such that for all f € W/.(B)
b I/ = gllwz.s) < el lsar - (23)
Consequently, using (10) and (21-23),
|f =Pl = giglg 1(f—9)—P(f =9,

< cinf ||f —gllws. ) < “B- 24
< e jnf |If = gllwy.m) < elfleg (24)

Let f € Wi (Q). Denote f = &f and B, = B%zy,a,27""). We use the
elementary relation

d/p* 9—dl/p"

HRlig“Lp*(B“) =0 gHLp*(B) (9 € Lp+(B)). (25)

From (16) and (17) we get

1€f = Pifllier = || D xau(F — RuPET)|
€T, Lp* (Ql)
1/p*
— (Z |f = RuPEWfI] Q“)) . (26)
i€



Furthermore, using (15), (25), and (24),
If - RliPEli]EHLP*(Q“) < |f- RliPEli]E”Lp*(B”)
< o Elif_ PElz'.]EHLp*(B)
< 27 \B, fleg n. (27)

Arguing as in [11], relation (37), we obtain

1/p
(i) et . a9

i€y
Combining (26-28) gives

Hgf . plfHLp* @ S C2—sl+max(1/p—1/q70)dl||f||W;* @

U
Now we define T : L1(Q) — Loo(Q;) for I € Ny, I > ly: If | = Iy, we put
Tiy = Piy
and if [ > Iy + 1, we define T by setting for f € L(Q)
T.f = Bf = (P f)lar- (29)
Let T} : L1(Q) — Lo (Q) be given by
Tif = (Tif)lo = Pf - P . (30)

It follows that for any L € Ny, L > I,

P, = iTl (31)

I=lp

Put
n = k|K], (32)
hence
129 < my < 2% (33)

Observe that the linear independence of (), and the disjointness of the inte-
riors of the @)y; imply that for 1 < u < oo there are constants ¢y, cy > 0 such that
for by; e K (ke Kj,j=1,...,K)

DD bixowRue;

ke, j=1

1| (i)l e < 277

< bij) || - 34
p ez 69



Lemma 3.3. We can represent T} in a unique way as

Tif =Y > (fihug) xou Ruw;  (f € 1a(Q)) (35)

kek; j=1

with
hirj € Loo(Q). (36)

Moreover, if (8) is fulfilled, then there are constants ¢y, co > 0 such that forl >
the following hold:

|75 Wi (Q) = Ly (Q))]| < cq27tmext/p=t/a 0 (37)
and for all ay; e K (ke K, j=1,...,K)

H Z Z ag;hik;

kek, j=1

—sl+dl/p*+max(1/p—1/¢,0)dl M n
v 2 ol (39)

Proof. For | > Iy and k € K let «(l, k) be the unique index i € Z; with k € K.
Let f € L1(Q). Using (9), (18), and (14) we can represent P, f as

Bf = D) (Buf, )Xo, Ries

i€, j=1

= b 924 Z Z Z(f’ XQliRligpj) XQuk Rli%@j

€1 keky; j=1
= 072" (X Bratr 5) Xau R e (39)
kek; j=1

Since (Rixp;)i=; is a basis of P,(Qu), the space of restrictions of polynomials
from P, to Qi, we can express

XszRl,L(l,k)@j = Z OélkijQllekSOm

m=1

with ayg;m € K. Inserting this into (39), we get

Bif =b-%" Z Z <f7 Z Qksjm XQu. 1.0 Rl,b(l,k)@j) XQu Bixom.  (40)
=1

kek; m=1

This shows (35) and (36) for the case | = [y, with

Pigrm = b2t Z Xlokjm XQug,.(10,k) R u(10,6) P (41)
j=1



For [ > ly+ 1 and k € K; let pu(l, k) be the unique m € K;—; with Qi C Qi—1,m.
For brevity we write

v(lk) =l =1, u(l, k)).

From (39),
Pl—1f|Ql

= b2 Z Z(f, X111, B 1,00-1,m)05) XQu_1 @ Bi—1,00-1,m)
mek;—1 j=1

= b_d2d(l_l) Z Z(f7 XQFLL(FLH(Z,k))lelvb(lfl,#(l’k)%&j) XQix lel,L(l—l,u(l,k))SDj
kek; j=1

072NN (o X i Bi-100.095) Xou Bio1 o #5- (42)

keK; j=1

Let Bikjm € K be such that

XQlleq,u(l,k)SOj = Z ﬁlkijQllekSDm-

m=1

Inserting into (42) gives

Priflg = b2 Z Z (f, Zﬁlkjm XQL,LU(M)Rl—l,v(l,k)@j) XQu Bk om.

kek, m=1 j=1

which together with (40) implies (35) and (36) for [ > [y + 1 with

hlkm = b_d2dl Z alkjm XQZ,L(ZJC) RZ’L(l’k) (’0.7
j=1
_bidzd(lil) Z 6lk]m XQl—l,v(l,k) Rl—l,’U(lJﬂ) ()0] (4?))
j=1

Since, by (34), the system {xq, Rip; : k€ K;, 1 <j <k} is linearly indepen-
dent, representation (35) is unique.

Now assume that (8) holds. From (29) and Lemma 3.2 we get for f € W2 (Q)
and [ > [,

(P = Po1) fllz,- @)

IEf = Pifllz,@y +IIEF — Pifllz,- @
—sl4+max(1/p—1/q,0)dl
c2 1flws, @)

I TS N2 )

IAIA



This also holds for I = Iy, which follows from the boundedness of B, : We(Q) —
L,<(Qy,). Thus (37) is proved.
To show (38), we estimate, using Holder’s inequality,

H Z Z ak]hlkj

ke, j=1

= sup ‘ Z Z Qf; hlk]; ’

FeBws @) ' kek, j=1

< ACagllgm sup ([(CF, Purg))kerc, 1<zl o - (45)
FeBws, (@) P

Furthermore, taking into acount (34), (35), and (37), we get for f € BW;* Q)

D> (f hug)xouw B

ke, j=1

1((f, hlkj))kelCl,lgjgnHZZi < e dv

Lp* (Ql)

= 2t

< C273l+dl/p*+max(1/p71/q,0)dl‘ (46)

Combining (45) and (46) proves (38).
U

The functions hy; are crucial for the algorithm below. Relations (41) and
(43) in the proof above supply more details of their structure.
It follows from (30) and (35) that

Tif =D (fihug) Xouno Rune- (47)

kek; j=1

Now we are ready to define the algorithm. Fix any numbers L € Ny, L > [y, and
N, € N (l =lp,...,L) (these are algorithm parameters, they will be specified in
the proof of Proposition 3.6). For g € L,(Q) we approximate Jig € W2 (Q)* as
follows:

L
Jig=Jiolg=~ Pilg=> T;Ig, (48)
I=lg

where we used (31). Let § be the extension of g to @ by zero. We have by (47)
and (14),

Ti'lg = Z Z 9s XQunLikpj) hikj = Z Z 9, Bunoj) qu.hu;

kek; j=1 kel j=1
= pig~d Z Z(Eucfl, @j)[o,ud hikj. (49)
kel j=1
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Let (fn)fz’%ﬂizl be independent uniformly distributed on [0, 1]¢ random variables
on some probability space (2,3, P) and put

i = 027U Epg) (&), (&) (50)
Then

E nigi = b 27" (Ewd, 1) 0,114 (51)

and we approximate the scalar products in (49) by the standard Monte Carlo
method

Ny
b 2N (Ewg, ¢j)pe ~ N Z Mikeji- (52)
i=1
Relations (48), (49), and (52) lead to the following algorithm. For w € Q we set
L N
AD() =D N7 (53)
1=l i=1
with ;
mi= > > mjihu. (54)
kek; j=1
Written in more detail, we have
L kN
A(g) = 6" 27NN T S (o 9) (i + 0276) 05(6) hug
I=lo kek; j=1 i=1

(the hy; given by (41) and (43)). We set
1 1
AW = (AD) e
Clearly,

L L
AW € AFML(Q), Wi (Q)7) with M =rk) KN, <k > 2N (56)

I1=lp I=lo
Define
B 1/2 if p=oco
olp) = {0 if 1<p<oo, (57)
p = min(p,2). (5)

Lemma 3.4. Assume that (8) holds and let py < oo be such that 1 < p; < p.
Then forly <1 <L

N » 1/p;1
1
EHN-l Eny — mys
sup ( Y (o — ) w;*@)*)

9€BL,(@) i=1

S C(l + 1)0'(p)2—sl+max(1/p—1/q,0)lel_(1_1/ﬁ)' (59)

11



Proof. We can assume without loss of generality that
P12 P, (60)
since the case p; < p then follows by Holder’s inequality. Let g € By, q). We set

Ckgi = Egs — Mg, G = (Quji)reky, 1<i<n € £,

with n; defined by (32). Then (38) of Lemma 3.3 gives

Ny
—1
HNl ;(Enh M) WL (@)
K N
R ()
kek; j=1 \i=1 W (@Q)*
Ny
< CQ,SZerl/p +max(1/p*1/‘I70)lel71 ZCI,L g;l (61>

Consequently, taking into account that log(n; + 1) < ¢(I + 1) and using (60), we
get from Lemma 2.1

N,
(E 1> a
i=1
where o(p) was defined by (57). Moreover, for p < oo

1/p1 1/p
(Bl ™ < (B i)

1/p1 N, 1/p
p1 o b/
KZZ) < c(l+1)°® (§ (B N1Gullys )" pl) : (62)

1=

1
= H((E |€lkji|p) /p)keicl,gjgn o ’ (63)
Furthermore, we have for p < oo
(E [Gosl)" = (B B g = muagl”)""" < 2(E [ugl?) /7
= 2027 (B (&) (Bud) (&))"
< 27 Eugll L, qo.n)- (64)
Combining (63) and (64), we obtain
1/p1 _ -
(B lGalz) ™ < e2|| (1Bl on) | i
c 2 drrdl/p (HQHLP(Q”ﬂ))kGKZ’ el
< Cz—dl/p*HgHLP(Q) < co-dl/P", (65)

12



The estimates (63), (64), and (65) also hold for p = oo, provided (E| - |P)¥/? is
replaced by esssup,q| - |- Relation (65) together with (62) gives

N,
(E 1> a
=1

Joining (61) and (66) proves (59).

P

1/P1
l) < ol 4 1)7 @ NIP, (66)

t

Let us introduce

min(p,q,2) if ¢ < oo

VO:VO(Z)’(]):{ 1 if q = 0. (67)

Lemma 3.5. Assume that (8) holds, let p1 and v be such that p; < 0o, 1 < p; <
p, and 1 < v <wvy. Then

1/p1
sup (E ||J1_g - AS)(g)le s, (Q)*>
9€BL, Q) '

< ¢ 2—5L+max(1/p—1/q,0)dL

L 1/v
+c <Z(l + 1)V0'(p)2—I/Sl+ljmaX(l/p—l/q,O)lel—l/(l—l/p)) ' (68)

1=lg
Proof. 1t suffices to prove the case

P2, (69)

the case p; < v being, again, a consequence of Holder’s inequality. Let g € By, (q)-
It follows from (49), (51), and (54) that

Emi =b"2""> " (Ewd, ) hueg = T7 19, (70)

keK; j=1
and hence, by (31) and (53),
EAP(9) = Pilg.
We have
1/P1
(E 1719 = AD (9)Il. (Q)*)

1/p1
< g = Pilglwsar + (EIP Lo = AV @ ) - (7D

13



The first term can be estimated, using (20),

Ihg = Pilglws@- = sup  |(f, Jiolg) = (f, Pr1g)|
FeBwe. (@)
= sup |(Jiof — Prf,19)]
FeBws. (@)

< [Hglz,.@+ sap |f = Pefllr,.

FeBws, @

< ¢ 2—3L+max(1/p—1/q,0)dL

(72)

Now we deal with the second term on the right-hand side of (71). Using (31) and

(70), we obtain

1/p1
(1P~ AV @12 o)

1/171
L N; p1
= |E|X (Tl*fg—NﬂZmi>
=lo i=1 W Q)"
L 1/p1
p1
_ (& |
;Q w;*@)*)
=t

where we defined for {( <[ < L

Ny
G =N Z(E i — Mi)-
i=1

The (¢;){,;, are independent, mean zero, W, (Q)*-valued random variables. The
space Wi (Q)* is of type vy, with vy defined in (67). Indeed, if vy = 1, this is
trivial. If vy > 1, we have 1 < ¢ < oo. It follows from the definition that W2 (Q)
is isomorphic to a subspace of a space L,+(u) for some measure p. Consequently,
We(Q)* is isomorphic to a quotient space of Ly(u), and therefore of the same
type min(q,2) as Ly(u) (see [12], p. 247). It follows that W (Q)* is also of type

v < 1. By Lemma 2.1 and (69) we have

L " 1/p1 L vip /v
EISelhe) = (X Eemr.™)
I=lg a*

1=lo
According to Lemma 3.4

Y N 1/p1
p1 P1
lfya) ™ = (5] LEm-m
(BNl o ( O Em

< C(l + 1)J(p)2—sl+max(1/p—1/q,0)lel—(1—l/;5).

14
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Combining (73), (74), and (75) leads to

1/101
s (E||PiIg — AV (9)]1% o))
9€BL, @) !

L 1/v
< ¢ <Z(l + 1)Va(p)2—Vsl—|—l/max(l/p—1/q,0)lel—V(1—1/p)) ’

I=lo
which together with (71) and (72) implies (68). O
To state the next result put
s 1 1 1
9:05,p,q:——(———) , T=T1(p)=1-——, 76
er0=5- (1) W=1-% (1)
n = n(spq) =
(0 if 0>71
1 if =7 and p<g< o
2—1/p if =7 and p<qg=o0
2 if =7 and p=g=o0 (77)
1 if =7 and p>gq
0 if <7 and min(p,q) < oo
[ 0 if <7 and p=gq= o0,

where we recall that p = min(p, 2).

Proposition 3.6. Let Q be a bounded Lipschitz domain, s € Ny, 1 < p,q < oo,
and assume that (8) holds. Let 1 < p; < oo, p1 < p. Then there are constants
c1 € N, co > 0 such that for eachn € N withn > 2 there is a choice of parameters
L, (N)E,, such that algorithm AW belongs to A2 (L,(Q), W5 (Q)*) and the error
satisfies

1/p .
sup (E |J1g — AW (g)] W, (Q)*) < con” MO (Jog )11,
9€BLy (@) !

Proof. Let n € N, n > 2. We put

Ny = [L-02-d=0=e00n ] (1=1y,... L),
with L € N, L > [y, &g, 01,02 > 0 to be fixed later. Then Lemma 3.5 gives for
any 1 <v <y

1/p1
sup (E 1719 — A ()] ]I';II/;*(Q)*)

9€BL, (@)

I 1/v
S c2—sL+maX(1/p—1/q,0)dL +Cn—(1—1/ﬁ)L(1—1/ﬁ)50 <Z<l 4 1)1/0’([))21/)\(l)> (78)
I=lo

15



with

D) = —sl + (]19 - $>+dl + (1 - %) (dl+ 611+ 65(L — 1)).

We distinguish between three cases. First we assume

(1 1) 1
- >1—=.
P q), p

(79)

QUl®

We put

1 1 1 )
R [
d \p 4q/, p d
Then
L
D 1+ 1) P20 <, (81)
1=lo
moreover,
273L+max(1/p71/q,0)dL < cnfs/d+max(1/pfl/q,0) < cnf(lfl/ﬁ), (82)
and we get from (78) with v =1, (81), and (82)

1/p1 ~
sup (E | Jrg — AW (g) || . (Q)*> < en-0-1/p),
9€BL,(Q) p

Furthermore, the number of sampling points, see (56), is

L L
M < HZ 24N, < KZ 2dl (Z*dl*‘slln + 1) < c(n+2%) < en.
1=lo 1=lo

This proves Proposition 3.6 in the case 6 > 7.

Next let
S (1 1)
Z_(Z_Z =1
d \p q/.

Here we take the same choice (80) of L, put g = 1, d; = d2 = 0, and conclude
from (79) that A(l) = 0, hence, by (78) with v = vy,

[ =

1/101
swp (B g — AL @I g )

Ws,
9€BLy (@) /
< cn_(l_l/ﬁ)(log n)l—l/ﬁ-&-l/l'o—w(p). (83)
16



The number of sampling points is

L L
M < /{ZleNl < K,Z 2dl (L_12_dln + 1) < c(n+2%) < en.
1=l 1=l

If p < g < oo, then by (57) and (67), vy = p and o(p) = 0. If p < ¢ = o0, we
have 1y = 1 and o(p) = 0, while in the case p = ¢ = 00 we get p = 2, vy = 1,
and o(p) = 1/2. Inserting this into (83) proves the statement for the case § = 7,
p < q. The case § = 7, p > g and is considered later on.

Now assume
s (1 1) 1
e <l—-,
d \p q/. p

which together with (8) implies p > 1, hence 7 > 0. We put

logn — 2P log1
L:maxqog" Tdogogﬂ,zo).

crn(logn) =@/ < 24L < cyn(logn) @/,

Let 6p = 6; = 0 and let 9, > 0 satisfy

(-, <C-H0-)

Consequently, we have

This means

L
Z(l + 1)7@A0 < [ r@ML),
1=l

Moreover,
1 1 1
ML) =—sL+ (———) dL + (1—j) dL = —(0 —T1)dL
p q/, p
and hence, by (78), with v = 1,

1/p1
sup (E 1719 = AD (9)II. (Q)*)

9€BL, (@)

< C2—sL—&-max(1/p—1/q,0)dL + Cn—(l—l/ﬁ)La(p)2)\(L)

6279dL + CnfTLcr(p)Qf(BfT)dL

IN

en?(og n)? P/ 4+ en~(log n)@n=0=") (log n) =@/

IN

en~?(logn)Po @/, (84)

17



The number of sampling points can be estimated as

L L
M < /{Z 24N, < CZ odl (n2_dl_52(L_l) + 1) <c(n+ ZdL) < cn.
1=lo I=lo

This proves the case 6 < 7, except for the subcase g < p = o0.
Finally, we consider the two remaining situations

O0=1, p>q (83)

and
0<1, p=o0>q. (86)
By Holder’s inequality, we can assume the following: If p = oo, then p; >

max(q,2), and if p < oo, then p; = p. Consequently,

p>p1>q. (87)

We factorize

Ji1

T Ly(Q) 25 1, (Q) 22

— W (Q)" —= W2 (Q)" (88)

1

with Jy 1, J1 9, J1 3 the respective embeddings, and use (83) and (84) with p; in-
stead of p and ¢. Because of (76) and (87) we have 6(s,p,q) = 0(s,p1,p1).
Furthermore, in each of the choices of p; above we have p = py, hence, by (76),

7(p) = 7(p1). Finally, p; < oo, so a(p1) = 0, and by (67), vo(p1,p1) = P1-

Let A denote algorithm A®M | considered as an element of

A (L, (Q), Wi (Q))-

Then .
AV (g) = 1sAY (J1ag) (g € L(Q)).
In the case (85) we get from (83)

1/p1
sup (Ellhg = AV (@) 0

9€BL, @)

- 1/p1
= sup <E ||J173J172J1,1g — J1’3A£1)(J1,1g)||€[1,;*(Q)*>

9€BL, (@)

1/171
< Baal s (Elag— AV W, g ) 1l
1

9€BL, (@

< cn_(l_l/ﬁl)(log n)1—1/151+1/uo(p1,p1)+o(p1) — cn 7@ logn,

18



and in the case (86) from (84)

1/p1
sup (IE 1719 = AD (9)I1. (Q)*)

9€BL, (@)

IN

1/p1
all s (Ellrag - A o) 11l

9€BL, (@)

< cn_6(37p1’p1)(log n)9(87p17p1)0(p1)/7'(p1) — en 9spa)

]
4 Main results
Let
r,seNy, 1<p,q<oo. (89)
Now we study approximation of the embedding
J W (Q) — Wi (Q)". (90)
defined for f € W] (Q) by the relation
(10 = [ F@aads (g€ W3Q) (o1)

First we state conditions under which it is well-defined and continuous. The
Sobolev embedding theorem (see [1], Th. 5.4) affirms that W} (Q) is continuously
embedded into L, (Q) if

r )
1<g< > and 32<%_$)+
or
q = 00, l<p<oo, and §>}D (92)
or
q = 00, p € {l,00}, and 52%. )

Recall also statement (8), which gives sufficient conditions for the continuity of
the embedding of W, (Q) into L+ (Q), and hence, by passing to the dual mapping,
also of the embedding of L,(Q) into W;.(Q)*. Let us formulate the following two
conditions

r=0,p=11<¢q< o0, (93)

s=0,g=00,1<p< 0. (94)
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Then the embedding J : W) (Q) — W7.(Q)* is well-defined and continuous if

(93) holds and § > qi*, )
or
(94) holds and % > %, (95)
or
r+s 11
(93) and (94) do not hold, and =% > (5 q>+. )

This is easily derived directly from (92) and (8). We do not give details since
the continuity of J is also a by-product of the factorization of J in the proof of
Proposition 4.1.

To approximate J, let n € N, n > 2, let

A0 — (P(D)

kva)wOEQO
be the algorithm defined in (23-25) of [11], with parameter k and (g, 3o, Py) the
associated probability space. Let

AL — (A(l)

w1 >UJ1€Q1

be the algorithm defined in (53-55), with parameters L, (Nl)lLO, and probability
space (€21,%1,P;). We combine both algorithms in the following way. Let

(szvP) = (907207P0) X (91,21,19)1)

and define an algorithm A = (A,),eq by setting for w = (wp,w1) and f € F(Q)
Auf) = BEOLF+AQ(F = PEL) (96)

(note that PIESZO f € F(Q)). Measurability and consistency follow from the defi-

nitions of A© and A®. and we have
Ae AW, (Q), W (Q)). (97)

Proposition 4.1. Let r,s € Ny, 1 < p,q < 0o, assume that (95) holds, and let
1 <p <o0, pr <p. Then J is continuous and there are constants ci,co > 0
such that for all n € N with n > 2 there is a choice of parameters k, L, (Nl)lL:zo
such that algorithm A belongs to A7 (W, (Q), Wi.(Q)*) and the error satisfies

cin

1/p1
sup <E ||Jf — Aw(f)l %1/;* (Q)*) < CQn—V(log ’)’L)Vl’

feBwr (@)
_ [(r+s 1 1) r 1>
= min (=== ,5+1—==], 98
! ( d <p q), d p (%8)
20
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and vy is giwen by (77).



Proof. In each of the cases considered in this proof we will find a number 1 <
w < oo such that (92) holds for the index pair (p,w) (meaning that (92) holds
with ¢ replaced by w) and (8) holds for the pair (w, ¢). Hence, both embeddings
Jo and J; in the factorization of J as

T WH@Q) ™ Lu(@Q) & wa(Q) (99)

are continuous, and so is J.
Let n € N, n > 2. Now we fix the parameters in the definition (96) of

algorithm A. We put
log
k = max d Od”w z0> (100)

(recall the remark made after Lemma 3.1 that [y in the present paper is the same
n [11]), and let the parameters L, (N;)f, for A" be chosen according to
Proposition 3.6, with the given n and the index pair (w, q). Hence

A€ AG(Wy(Q), Wi (Q)). (101)
Let 1 < ¢ < oo. For fixed f € Bw;(q) and wy € (Y the linearity of Af,ll) gives
E ., H‘]f - A(Wo,m)(f)”%/[/;* (Q)*

= E., |1 (Jof = P,ﬁf&f) - Affl) <J0f Pigowof) H:/V;*(Q)*

© ||
< [nr-rts], o

sup E,, HJlg At(u11)<g)||i/l/3*(Q)* '
Q) q

This together with Fubini’s theorem yields
, 1/t
sup (EIIF— APl o)
FeBwya) !
. 1/t
= sup (E UJOEUJI HJf - A(w(),wl)(f)HWS* (Q)*)
feBwr () !
. 1/t
< sup ( wo |[Jof — Péowof )
feBWZ"{(Q) LM(Q)
1) . 1/t
< s (Bullhg - AD@gr) - (102

9€BL, Q)

Case 1. Assume that (8) holds. We choose w = p in the factorization (99),
get from Proposition 3.3 of [11], using p; < p,

1/p1
Jof =P f ) (Q)) <cn/d (103)

w (2
feBwr (@)
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and from Proposition 3.6 of the present paper

1/p1
sup <]Eu.’1HJlg - At(f-lll)(g)l‘plj*(Q)*)

9€BLy (@)
: s 1_ 1 1
< cn_mm<3_(5_5>+’1_5>(logn)”l. (104)

Combining (98), (102), (103), and (104), we derive

1/p1
s (E7f = AulDle ) < en” (logn)”,

feBwr @)

which is the needed estimate in case of (8).
Now assume that (8) does not hold. This means that either

S 1
R =1 1<qg< 105
i~ P=h q < o0, (105)
or 1 1
S22 (106)
d p q

Case 2. We assume (105). Together with (95) this implies » > 0 and hence
we can find a w > 0 with

1 r r 1 s 1

L T o 2l 2w <min(e2). 107

Lloislelistil petcw<mnd. (07
It follows that (92) is satisfied for the pair (p,w) and (8) for the pair (w,q). We
have by Proposition 3.3 of [11],

w 1/w
%f—ﬂ%fL@) < epTT/AR/plw o (108)

sup (E wo

feBwr (@)

Next we consider the parameters involved into Proposition 3.6 above, for the pair
(w, q). Inserting into (58) and (76), we get w = w and

1 1 1 1 1 1
9(8,10,(])25—(———) :f_—‘i‘—:l——:l—T:T(w).
d wooq), .
Since w < g < 00, we have by (77),
1/1(8,’{1}7(]) =L

Thus, Proposition 3.6 yields

1/w
sup (Ewl||J1g—AE}R(g)H%S*(Q)*) < end/dYe=Yalogn, (109)
9€BL, (@) /
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Combining (102), (108), and (109) gives

1/w
sup (EITS = A Dlfiyiqe) < en I log
feBwr ) !

which proves the result for the case (105) since p; = p = 1 < w and, by (76),
(77), and (105), v1(s,p,q) = 1.
Case 3. Now suppose (106) holds. We choose w so that

1 s 1 1
L 110
w dati<s (110)

thus 1 <p <w < ¢q and (8) is satisfied for the pair (w, q). Moreover, (76) gives

w o q w

1 1 1
0(S7w7Q):£_(___) :0, T(w>:1—j>0
d +
By (77), v1(s,w,q) = 0, so we obtain from Proposition 3.6
1/p1
swp (Boullhg — AD@ o) < (111)
9€BLy (@) a

since p; < p < w. Furthermore, by assumption (95),

rol L8 _1_ 2 112

d~p q d p w (112)
Now we show that (92) is fulfilled for (p,w). Indeed, if w = oo and p = 1 or if
w < 00, then this follows from (112). If w = co and 1 < p < oo, then we note
that (110) implies s = 0 and ¢ = oo, therefore (94) holds, so (95) gives

>

I

Q3
h=

and thus, (92) for (p,w), again.
Consequently, by Proposition 3.3 of [11], using p; < w,

Jof — PO f

1/p1
sup [(E " < en /AP (113)
0 Lu(Q) '

feBwyr Q)

Taking into account (102), (111), and (113), we conclude

1/101
swp (RIS = ANl @) < en Ty
feBwyr ) !
— epr)/dr1/p-1/g

which shows the result for the case (106).
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Let W;(Q) be the closure in the norm of Wy (Q) of the set of C* functions

whose support is contained in ) and let U : W;(Q) — W2(Q) be the identical
embedding. Clearly,
o) =1. (114)

Define N
J=U"T: Wi(Q) — Wi(Q)". (115)

Recall that e;* denotes the randomized n-th minimal error, the definition of
which can be found in [11], section 2.

Theorem 4.2. Let r;s € Ny, 1 < p,q < 0o and assume that (95) holds. Then
there are constants cy,co > 0 such that for all n € N with n > 2

an™ < e (T, By, Wi (Q))
< e (4, Bwr@), Wy (Q)") < con™(logn)”,

) <r+s (1 1) r+1 1)
/y = min - - - - y 7 - — )
d p q), d p

151 Zf 7>07
1% g
0 4 =0,

where

(116)

and vy is given by (77).

Proof. 1f v = 0, the upper bound follows from the boundedness of J. If v > 0,
Proposition 4.1 implies

eern(J, Bwr(@), Wi (Q)") < can”"(logn)™*

ClTL

Monotonicity of the ;™ and an index shift yield the desired estimate. Then the
result for J follows from (114) and (115).

Now we show the lower bound. Because of (114) and (115), it suffices to
consider .J. We give four estimates, which together yield the needed result. Let
Q' =z, + [0,b']? be a closed axis-parallel cube with Q' C @ and let n be a C*
function with = 1 on @’ and suppn C Q. Let I, : W;(Q)* — K be the
functional

L,(f) = (f.n). (117)
It follows that

ezan([nj, BW;(Q), K)
< |y We(Q)F — K| e (J, B ), Wi (Q)). (118)
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Let ¢ be a C* function on R? with support in the interior of [0, 1]¢ and

Y(x)dx # 0.
[0,1)¢
Let n € N, and put
logn +1
k=|——
=
hence
2U=1) < op < 29,
Put

U = Riap (1<i<2%),

where R}, is defined analogously to Ry; in (13), with Q replaced by @’. There
are constants ¢y, > 0 such that for all (a;) € KQdk,

2dk
1 2rk—dk/P ||(ai)HZ%dk < H Z aﬂbi
=1

< g 2R AR\ (@) || e 119
wi@ = © @)l (119)

Consequently,

Qdk
H Z Clz‘jwz'
i=1

2dk
> sup H Z bi;
=1

W2 (Q)* 1) pax =1
q*

1 2dk 2dk
— ‘(Zaﬂ% Zbﬂﬁz’)
W (@M i=1

2dk

02—sk+dk/q —dk sup ‘ E aibi
”(bi)”egfk =1',3
a

v

= 2R 4| (q) | - (120)
q

Moreover, we have .
|1, ;| > c27%. (121)

Now we consider the counting measure on

[l gt : i=1...., 2%},

use the relation of the randomized to the average minimal error (see [13, 17, 7]),
and obtain from (119) and (120)

e Wl
€n (J7 BWPT(Q% Wq* (Q) ) = 27 :

\%

mm ——
1<i<2dk ||y ||W;(Q)

¢ 9~ (r+s)k+(1/p—1/q)dk

vV 1V

Cn—(T‘l’S)/d-‘rl/p—l/q' (122)
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Similarly, from (119) and (121)

2%k —n|LJ

a1 T Burio), K T _
en” n]. By K) - 2 =55 1<i<2 (|9 [wr @)

2 CQ—dk—Tk‘-i-dk‘/p Z Cn—’l‘/d—l-{-l/p‘ (123)

For the other two estimates let ; (i = 1,...,2%) be independent Bernoulli
random variables with P{e; = 1} = P{e; = —1} = 1/2. Using again the average
minimal error, this time with respect to the joint distribution of the ¢;, we get
from (119) and (120)

™ (J, By, We-(Q)")

min {E Hziel' 51j¢z

c I CH{l,..., 2%} |I|22dk—n}

2dk .
max ©a; D a; € —1,1,221,...,2‘1’“}
{I=zian],, , : we -1
> C2—sk—rk(2—dk(2dk . n))l/q > Cn_(r+8)/d. (124>

By Khintchine’s inequality, for any subset
TC{1,...,2%},

we have
o\ 1/2

E > c27H 7|12, (125)

Z 6Z‘Inj¢z‘

1€T

>c| E

Z 5i]nj¢i

1€

From (119) and (125) we obtain
e (I, By ). K)
min {]E ‘Ziel’ Eifan/Ji

2dk
max { sz‘:l a;Y;

L TC{l,...,2%) 1] 22dk—n}

a; €{-1,1 ,izl,...,Qd’“}
Wr(Q) { }

2 CQ—dk—’r‘k‘(Qdk' - n)l/? 2 Cn_r/d_l/Q. (126)

Now (118), (122), (123), (124), and (126) together imply the lower bound in
Theorem 4.2. O

We note that the same lower bound techniques also apply to the larger class
of randomized adaptive nonlinear algorithms (as described, e.g., in [8, 9]) and
thus Theorem 4.2 also holds for the n-th minimal error with respect to this class.
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By definition, see [1], section 3.11, for 1 < ¢ < oo and s > 0

W (Q) =W, (Q). (127)
Clearly, (127) also holds for s = 0.

Corollary 4.3. Let 1 < q < oo. With the assumptions and notation of Theorem
4.2 we have

an”T < en(J, Bw; @), W, °(Q)) < con™"(logn)”.

5 Deterministic setting

Let r € Ng. Then W (Q) is continuously embedded into C(Q), with Q the closure
of @, if and only if

p=1 and r/d>1
or (128)
l<p<oo and r/d>1/p

see [1]. In these cases function values are well-defined. Consequently, determin-
istic algorithms based on them make sense.

The following theorem is the analogue of Theorem 4.2 for the deterministic
setting. Most of it is known. Respective estimates for Besov and Triebel-Lizorkin
spaces can be found in Vybiral [21], which, in turn, are based on results of Novak
and Triebel [14]. The case of J of the theorem below follows from [21] (taking
into account also the relations between Sobolev and Besov spaces, see [20]), with
the exception of the case s/d = 1/p —1/q for 1 < p < ¢ < oo, which was left
open in [21].

Below we settle this case up to a logarithmic factor. Parts of it still follow
by the same method as used in [21], however, the subcase described by relation
(105) of the present paper requires a somewhat different approach. This is the
new part of the following result. For completeness, the short proof of the other
cases is included.

The numbers edet

cet stand for the deterministic n-th minimal error (see [11]).

Theorem 5.1. Letr,s € Ny, 1 < p,q < 0o and assume that (95) and (128) hold.
Then there are constants ci,co > 0 such that for alln € N with n > 2

an™’ < eget(jalgWg(Q)’W;*(Q)*)
< (T, By, Wa(Q)7) < e " (logn)”,
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where

= min<r+s—<1—1> 7’)
d p q), d)’

S

1 -—=—,p=1,1<qg< o0,
d q*

<

0 otherwise.

Proof. We use the factorization and consider the same three cases as in the proof
of Proposition 4.1:

T WH(Q) 2 Lu(Q) 25 Wi (Q)".

Let n € N, n > 2, put
1
[mznmx([ggﬁw,h>7 (129)

and let P, o be the operator described in Proposition 4.1 of [11].
In case 1, that is, if (8) holds, we have w = p. Then we conclude from
Proposition 4.1 of [11]

sup ||Jf — J1PL,0f||W;*(Q)*

FeBwi @
< 4l sup  |If = Profllz,@ < c27mE < enr/e,
FeBwr@
In case 3, meaning that (106) holds, we have by (110)
L_s 11
w d q p

hence, as shown there, (92) is satisfied for the pair (p,w) and (8) for the pair
(w, q). We get, using again Proposition 4.1 of [11],

sup ||Jf — J1PL,0f||W;*(Q)*
feBwr (@)

< il swp IS = Profllnaq) < c2rEH/r 1/
feBwg @)

< ep /A Yp=1w _ = (rts)/d+1/p=1/q
It remains to consider case 2,

S 1
-=—, =1, 1<g<oo. 130
i~ P q < o0 (130)
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Here w was chosen in such a way that (107) holds. Again, (92) is fulfilled for (p, w)
and (8) for (w,q). Let f € Bwr). Then we have, with I : L,(Q) — Lu-(Q)"
from (6) and Pp, : W3.(Q) — Ly~ (Q) as defined in (19),

HJf - leL,ofHW;*(Q)*
[N (Jof = Prof)llws @
< N = PrD)(of = Profllwe. - + 1PLICD0f = Prof)llwe, @ (131)

Taking into account (5), using Lemma 3.2 above and Proposition 4.1 of [11], we
estimate the first summand as

1(Jr = PLI)(Jof = Prof)llwe. @
1S5l = PLI)(Jof = Prof)llws. @
150l = PLI: Lu(Q) — W (Q)If = Profllz.

| J10— Pr: W;*(Q) — L Q) f - PL,Of“Lw(Q)
C2—3L+(1/w—1/q)dL—TL+(1—l/w)dL — CQ—TL < cn—r/d7 (132>

IA AN IA TN

the equality in the last line being a consequence of (130). The second summand
in (131) is treated as follows. We consider the involved operators acting as

Jo—Pr o Pyl

o — Pro) s WI(Q) L@ L w Q.
Then we get, using Proposition 4.1 of [11] again,
I1PLI(Jof = Prof)llws@r < IPLL: Li(@) = We(Q)(Ilf — Proflliq)
< 2 F| P Ly (Q) — WA Q)
< enM|PL s WE(Q) = Loo(Q)]. (133)
We have by (31),

1Pr: Wi Q) = L@l < D IITh: Wei(Q) = Loo(Q)|

1=lo
L ~
< DT W (@Q) = Loe(@))], - (134)
1=lg
with 7} and T} defined in (29) and (30). By Lemma 3.3, for g € W5 (Q),
T,g € span {xouRup; : ke K, 1<j<k}.
From (33) and (34) we conclude that for any by; e K (k€ K, 5 =1,..., k),

H DD beixau Ry

kek; j=1

< el (o)l < ell(Brg)l e

2 H > biixau Ru;

ke, j=1

Lo (Ql)

IN

Lo+ (Q1)
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Consequently, using also (37) of Lemma 3.3 and (130), we get

IT): Wa(Q) = Loo(@Q)|| < 2% || T} : Wi(Q) — L (Q))|
< Cle/w*—sH—(l/w—l/q)dl —c. (135>

Combining (133), (134), and (135), and using (129), we obtain
IPiIGsf = Poof)lway < en"'logn,
and with (131) and (132) we arrive at
|Jf — JlPL,OfHqu*(Q)* < en4Nogn,

which proves the upper bound also in case 2.

The lower bound follows by standard techniques from information-based com-
plexity [17], Ch. 3.1, using relations (119), (120), the analogue of (118) for the
deterministic case, and (121).

O

Let us compare the results for the deterministic and the randomized setting.
In the table below we present the order of the n-th minimal error of .J : Wy (Q) —
W, 2(Q) up to logarithmic factors, for r,s € Ny, 1 < p,q < oo satisfying (95)
and (128) (with the convention that for ¢ = 1 one has to replace W, *(Q) by

W5 (Q)).

J: W;;(Q) — W;S(Q) eget 6:lam

r _r_ s 11
1<q¢<p<oo, n-d i min(§1-3)
1<p<qg<oo,
S>> n=d p i min(§-5+51-7)
1<p<qg<oo,
s Y

=p q

In the first two cases there is a speedup of randomized algorithms over deter-
ministic ones, as soon as s > 0, p > 1, and it can reach the magnitude n=/2. In
the third case there is no speedup.

The case that condition (128) of embedding into C'(Q) does not hold, is also of
interest. Here values of W (Q) functions are not well-defined, and thus, neither is
ent. Therefore, we restrict our considerations to the dense subset By NC (Q)
of Bwy (), on which function values are correctly defined. It turns out though
that deterministic algorithms can give no non-trivial convergence rate at all, as
the following result shows. It is an extension of Proposition 2 of [10] (s = 0) and

complements Theorem 4.3 of [11] (s > 0).
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Theorem 5.2. Let r,s € Ny, 1 < p,q < oo and assume that (95) holds, but
(128) does not. Then there are constants cy,cy > 0 such that for alln € N

e (T, By o) N C(Q), W2 (Q))
e, By ) N C(Q), W (Q)) < c. (136)

&1

IA A

Proof. The upper bound follows from the boundedness of J. Let us turn to the
lower bound. Observe that (128) does not hold iff

p=1 and r/d<1 (137)

or
l<p<oo and r/d<1/p (138)

or
p=oo and 7 =0. (139)

It was shown in [10], Lemma 1, that if (137) or (138) hold, then there exists a
sequence of functions

(fm)ie=1 € Wy (RY) N C=(RY) (140)
such that for all m
1
fm(0) =1, supp f, C B (O, E) , (141)
and
Jim | fonllwy ey = 0

If (139) holds, it is readily seen that there is a sequence satisfying (140), (141),
and the following condition

0< fu(z) <1 (x €R* meN).

Now we combine the proof of Proposition 2 of [10] with that of Theorem 4.2 above.
Let n and I, be as defined there, see (117). Here we assume that 7 satisfies, in

addition,
/ n(x)dz > 0.
Q

In analogy to (118) we have
e (IyJ, By N C(Q),K)
< Ly Wi Q) — K s (, Bugo) N C(Q), W (Q)). (142)

q
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Now fix any distinct points 1, ..., 7, € Q. For m € N define g,, € C(Q) by

gm(z) =1— me(:v —z;) (x€Q).

Then

W1L1_1};0 lgmllwg @) = 1.

Furthermore,
I gm = () dz = dx — m( —2;)d
s /Q () g () /Q s =3 /Q 1) fn (& — 2)

> /Q n(@)dz — e follsyme — /Q n(a)dz

as m — 00. Moreover, (141) implies that
gm(z)) =0 (i=1,...,n)

for m sufficiently large. An application of standard lower bound results, see [17],
Ch. 3.1, gives

(1,7, Bugia) N C(Q).K) 2 [ (ado >0
Q
which together with (142) shows the lower bound of (136) and concludes the

proof.
O

Now we can again compare with the randomized setting, with r,s € Ny,
1 < p,q < oo satisfying (95), omitting logarithmic factors:

J: Wg(@) N Wq_S(Q) edet e;rlan

n

p=1 and 5 <1

or

l<p<oo and [<i|1 |n "% Gi)oins)

SR L

So here the speedup can be as much as n~!, which is the case if r/d = 1/p,
1<p<2 and s/d>1—1/max(p,q).
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6 Other function spaces

Here we extend the results to Besov spaces B;M(Q) forre R, r>0,1<p,u< o0,
and Bessel potential spaces H;;(Q) forr e R, r > 0,1 < p < oco. For notation
and related facts we refer to section 5 of [11] and the references given there. Let

E:W)(Q)— W, (RY) (reNy1<p<oo)

be a universal extension operator (see [16], Ch. VI, Th. 5). It follows by interpola-
tion that & is also an extension operator for the spaces B, (r>0,1<pu<o0)
and Hy (r > 0, 1 < p < 00), see also section 2.4 of [19]. First we state an
analogue of Lemma 3.2.

Lemma 6.1. Let
1<p,qv<00 (143)

in the case of Besov spaces, and
1<pg<oo (144)

in the case of Bessel potential spaces. Let s € R and assume

> (% - é)+ (145)

Let P, forl € Ny, I > ly be given by (18). Then there is a constant ¢ > 0 such
that for all 1 € Ny, | > [

QUl®

sup H(C:f - plfHLp* Q) < 02_3l+max(1/10—1/q,0)dl
FeBes, (@

and

sup  [[€f — JslfHLp* (@ < c27sitmax(l/p=1/q.0)dl
feBrs, @

Proof. The proof is similar to that of Proposition 5.1 of [11]. We only show the
case of Besov spaces, the case of Bessel potential spaces follows analogously, just
using complex interpolation.

Consider first the case p = ¢. We put so = [s] — 1 and s; = [s| + 1. Let
0 <9 <1 be such that s = (1 — )sg + ¥s;. By Lemma 3.2

sup  |Ef = Bifll,e@0 < 27 (i =0,1).
fEB._ s,

W (@)

Using real interpolation we get

sup  [[Ef = Bif |z, < 277
S )
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For p # ¢ we put

1 1 1 1
slzs—d(———) :s—d<—*——*) .
P q/. ¢ P,

Then s; > 0 and the embedding B}.,.(Q) — B,},.(Q) is continuous (see the
references in the proof of Proposition 5.1 of [11]). It follows that

sup  |Ef = Pifll,een < ¢ sup |IEF = Pifll -
€8s, (@ FeBps1 (@
p*u
< c2—311 _ Cz—sl—&—max(l/p—l/q,())dl'

Let
JP Ly(Q) = By (Q)F,  J1': Ly(Q) — HL(Q)
be the embeddings defined analogously to (4), (5), (6), and (7). If (145) holds,

they are well-defined and continuous. Put

B _ B _ min(pJQ7U72> lf q <
) - Vo(p,q,v)—{ 1 if q= 00 (146)
and
vy = vy (s,p,q,0) =
(0 if 0>r71
1 ! ! if 0 d p<g¢g<
— i =7 an 00
min(p,2) = min(p,v,2) p=4
1
2 — — if =7 and p<g=
min(p, 2) (147)
2 if =7 and p=g=
1 if =7 and p>gq
0 if <7 and min(p,q) < oo
0 if <7 and p=gq= o0,

where 6 and 7 are defined in (76). The counterpart of Proposition 3.6 reads as

follows.

Proposition 6.2. Let (Q be a bounded Lipschitz domain and assume that s,p, q, v
satisfy (143-145). Let p1 < oo be such that 1 < p; < p. Then there are constants
c1 € N, cg > 0 such that for eachn € N withn > 2 there is a choice of parameters
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L, (N)E,, such that algorithm AW defined by (50), (55-55) satisfies in the Besov
case AV € AP (L,(Q), By (Q)*) and

cin

1/ — min(0,7 VB
sup (E | JPg — A&”(g)”’;s* *(Q)*> < cyn~ ™00 (Jog )Y
9€BL, Q) o

and in the Bessel potential case AV € A™ (L,(Q), H:.(Q)*) and

cn q

1/p1 .
sup <E ||JFg — AS) (g)| ZI);;* (Q)*) < con mm(@,ﬂ')(log n)l/l7

9€BLy Q)
with 6 and T given by (76), vE by (147), and vy by (77).

Proof. With Lemma 6.1 at hand, the counterparts of Lemmas 3.4 and 3.5 and,
based on them, Proposition 6.2 can be proved in literally the same way, with just
some minor modifications, which we shortly discuss here.

In Lemmas 3.4 and 3.5 the assumption of (8) has to be replaced by (143-145).
Moreover, in the case of Besov spaces the parameter vy has to be replaced by v
from (146).

In the proof for Besov spaces, we can assume without loss of generality that
v < 2, since the statements for v > 2 follows from the case v = 2. To see
this, note first that for v > 2 we have vy(p, q,v) = vo(p, ¢,2) and v2(s,p,q,v) =
vP(s,p,q,2). Now the estimates for v > 2 can be derived from those for v = 2
using the factorization

TP L,(Q) 2 B ,(Q) 2 B, (Q)

where the continuity of J, is a consequence of (145) and J5 is the adjoint of the
continuous embedding

B;*,v* (Q) - B;*,Q(Q)7

see [18], Prop. 2.3.2.2.

We show that for v < 2 the space B;.,.(Q)* is of type vg. Since type 1 is
trivial, we only have to consider the case vf > 1. This implies 1 < ¢ < oo and
v > 1. The space Bj.,.(Q) is isomorphic to a subspace of £, (L (R%)), which
follows from the respective extension theorem and from the definition of Bj.,.(R?)
(see [18], 2.3.1, Definition 2(i)). Hence B;.,.(Q)* is isomorphic to a quotient of
0,(Ly(RY)). The space £,(L,(R?)) is of type min(g,v,2), and so is any quotient
(see [12], p. 247). Thus, B.,.(Q)* is also of type v < min(g,v,2).

In the case of Bessel potential spaces we observe that by the corresponding
extension theorem, H.(Q) is isomorphic to a subspace of H. (R%). By definition,
the latter space can be identified with a subspace of L, (R?) (see [18], 2.2.2,
relation (11)). Then we argue as in the proof of Lemma 3.5 to conclude that
H:.(Q)* is of type vy, with 4 from (67).
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For Besov spaces we also have to modify the factorization (88) as follows:

Ji1 J1,2 J1,3

I Ly(Q) == Ly, (Q) = By 5(Q)" = By.,e (Q)".

(see again [18], Prop. 2.3.2.2).

O
Let
1<p,quv<o0 (148)
in the case of Besov spaces, and

1<pg<oo (149)

in the case of Bessel potential spaces. Let r, s € R be such that

1 1
rs >0, 7a“>(———) . (150)
d P oq).

We introduce the embeddings
‘]B : B;U<Q) - B;*v* (Q)*7 JH : H;(Q) - H;*(Q)*

by analogy with (90-91). Then J® and J" are well-defined and continuous. This
is easy to show directly and also follows from the proof of Proposition 6.3 below.
Consider the condition

s 1
p=1, 34——:1, v=1
q
or (151)
p=1 2 =1, ¢g=00
We define for 6 > 0
5 5 1496 if (151) holds
vy (0) =1y (3,8, p,q,0) =4 , (152)
vy (s,p,q,v) otherwise,

with v (s, p, ¢, v) given by (147).

Proposition 6.3. Assume r,s,p,q,u,v satisfy (148-150), let p; < oo be such
that 1 < p; < p, and let 6 > 0. Then there are constants ci,ca > 0 such
that for all n € N with n > 2 there is a choice of parameters k, L, (Nl)lL:l0
such that algorithm A defined in (96) satisfies in the case of Besov spaces A €

AE?E(B;U<Q)7 B;*v* (Q)*) and

1/p
sup  (E[lJ2f — Au(DI%: ) " < en ™ (logn)BO),
B:...(Q)
feBrg, @
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and in the case of Bessel potential spaces, A € A% (H)(Q), Hy.(Q)*) and

cin q

wp (B~ AN o) < can™(logn)”
w Hg*(Q)* = (2 g ’

feBuyq)

, (r—l—s (1 1) r 1)
7 = min —-\-—-) ;5+1-=],
d p q/, d p

and v8(8) and vy are defined in (152) and (77), respectively.

where

Proof. We give the proof for the Besov case. The proof for Bessel potential spaces
is analogous, just easier, since case 3.2 is excluded by (149).
We use the factorization of J® as

JB B

T2 BL(Q) 5 Lu(@) T B (Q)

with suitably chosen 1 < w < oo satisfying

1 1
><———) , f>(l—1) . (153)
p w), d (G

Hence, both embeddings J§ and J are continuous.

For n € N, n > 2, let the parameter k& of algorithm A be chosen as in
(100) of the proof of Proposition 4.1 and the parameters L, (N;)f,, according to
Proposition 6.2, with index pair (w, q). Then we have

A€ AZN(B.(Q), By (Q))

and, similarly to (102), for 1 <t < oo

QU3

1t
sup (E HJBf - Aw(f)”%s*v*(Q)*>

feBBr, (@)
. 0 . 1/t
< sup (EuuHJl g— Awl (g)”Bg*U*(Q)*>
9€BL, (@)
1/t

£ B po ¢ 154
x sup (B |0 f = Polf : (154)

feBpr, (@) Lw(@)

The cases considered here are somewhat different from those in the proof of
Proposition 4.1.

Case 1. Assume that (145) holds. Then we set w = p, use relation (55) of
Proposition 5.1 in [11] to get

B o £|”* e /d
Jyf — P, <en ", 155
ot k,wof Lp(Q)) > (155)

sup (]E wo

f€Brr, (@)
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and Proposition 6.2 above to obtain

1/171
swp (B 789~ AD ()%, o))
9€BL,(Q) o
—min(é—(l—l) 71_;> B
< n - \pa)y ) (logn)™t. (156)

Moreover, (145) excludes (151), so v = v2(8). Now the result follows from (154),
(155), and (156).
In the rest of the proof we assume that (145) does not hold, that is,

G-3)
<(===) .
P 4/,

Because of s > 0 this means that p < ¢, and hence

Ul ®w

§+é§%. (157)
It follows from (150) that
1 r1 s 1
max(z—j—a,§> <E+§.
In each of the following cases we choose w in such a way that
max(%—g,é)<%<2+é. (158)
From (157) and (158) we conclude that
p<w<gq, (159)
and consequently,
P < w. (160)

Moreover, (158) and (159) imply that (153) is satisfied. Now we use again (55)
of Proposition 5.1 from [11], which yields

w 1/w
Jef— PO f ) (Q)> < en /Ao (161)

sup (E wo

J€Brg, @)

Case 2: We assume, in addition to (157), that

+-o<z (162)

Ul ®»
Q| =
N | —
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It follows from (158) and (162) that 2 < w < oo and

<1 1) s 1 1
_ = _ = = — — — 4+ =
w o q), d w g

1
:]_——:
= = r(w),

O(s,w,q) =

<

N = Ql®»

so (147) gives vP(s,w,q,v) = 0 and we get from Proposition 6.2

1/w
sup (E ol I — A&) (9)] g;*v*(Q)*> < en /At fw=1/g, (163)

9€BL, (@)

Combining (154), (161), (163), and taking into account (160), the result follows.
Case 3: We suppose that (157) holds and

1<s+1<1
2 d g~
Let w be such that
1 11 1 s 1
—— = o < =< =4 - 164
max(p d’q’?) " d+q’ (164)
hence we have 1 < w < 2, and thus w = w. Furthermore,
S 1 1 s 1 1
0(s,w,q) = ——(——_) =24 _ =
d w g/, d q¢ w
1 1
— 1o = (), (165)

—4+-=1 166
. (166)

Case 3.1: Assume that (166) does not hold. Then (s, w,q) < 7(w), and, by
(164), w < co. Therefore Proposition 6.2 implies

B (1) w L/w —s/d+1/w—1/
sup (E, /g = AD(@I5. @-)  <en (167)
9€BL, Q) !

The required estimate is a consequence of (154), (161), (167), and (160).
Case 3.2: Now we suppose that (166) holds. Together with (157) this implies
p = 1. Then we get from Proposition 6.2

1/w
sup (E wll g — AL (915, *(Q)*>
9€BL, (@) o

< en S/ Va(16g )P wan) (168)
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To analyze the exponent of the logarithm, we distinguish between two further
subcases.
Case 3.2.1: If v > 1 and g < 0o, we choose w in such a way that,

It follows that w < v, therefore we have
vy (s, w, q,0) = 1. (169)

On the other hand, using (166), (146), and p = 1, we get

0(s,p,q) =

ISV
|
VR
[
|
| =
~~
+
I
o
I
pul
=

Therefore (147) gives vP(s,p,q,v) = 1. Since by the assumption of case 3.2.1,
(151) does not hold, we have by (152)

vy (8,8,p,q,v) = vy (s,p,q,0) = 1. (170)

Combining (154), (161), (168), (169), (170), and (160) leads to the desired esti-
mate.

Case 3.2.2: Suppose that v = 1 or ¢ = oco. Together with (166) and p = 1
this means that (151) holds. Here we choose w in such a way that

1 rr11 1 s 1
- - - 1)< =—<1==4+-.
max(p d q’ 2’ ) w d q

Then

1
V?(s,w,q,v) =2-——< 1+5:V§(5,s,p,q,v),
w

and the result follows similarly to case 3.2.1.
O

To state the counterpart of Theorem 4.2, let BS (Q), respectively H ~(Q),

q*v*
denote the closure of the set of C'*° functions with support in @) in the norm of
By« (Q), respectively H?.(Q). Then for 1 < ¢,v < oo,

By (Q) = B (Q), (171)
and for 1 < ¢ < o0 B
H.(Q)" = H,;*(Q), (172)

with equivalence of norms (see [18], the theorem and relation (12) in section
2.11.2, for the spaces on R?, and [19, 20] for the passage to bounded Lipschitz
domains).
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Let
U®: B;. . (Q) = Bi.r(Q), U™: H3(Q) — H.(Q)
be the identical embeddings, and put, analogously to (115),
TP = (UP)JP: BL(Q) = B(Q).
JU = (UM I H(Q)— H Q).

Theorem 6.4. Assume r,s,p,q,u,v satisfy (148), (149), and (150), and let 6 >
0. Then there are constants c1,co > 0 such that for alln € N with n > 2

an” < (% By, ), By (Q))
< e (J°, Bry, ) B (Q)) < con(logn)”" ),

and

cn” 7

IN A
o
g
=
G
L=
=
=
S
&
O
=
A\
Q
V)
N
=
<}
OS]
S
“T

where

B _ v (0) if v >0,
Vo) = {0 if 7=0,

with v (8) given by (152) and v being defined in (116).

Proof. The upper bounds result from Proposition 6.3 and the boundedness of
JB and JY. The lower bounds can be derived as in the proof of Theorem 4.2,
observing that with a suitable choice of 1, the analogues of (119) also hold for
By, and H}, with r € R, r > 0, see [6], Th. 2.3.2. O

The second statement of Theorem 6.4 together with relation (64) of The-
orem 5.2 of [11] solves (up to logarithmic factors) a problem posed by Novak
and Wozniakowski, see [15], section 4.3.3, Problem 25, for the case of standard
information.

7 Weak solution of elliptic PDE

Here we apply the results obtained above to the randomized complexity of weak
solution of elliptic partial differential equations. For such use of approximation
results in the deterministic case we refer to [3, 4, 5, 21|. Let @ be a bounded
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Lipschitz domain, let m € N, and consider the bilinear form a on WJ"(Q) given

for g,h € W3 (Q) by

oo = Y [ ale)Dg@)D )i

o), B]<m

where a5 € C(Q). It follows that there is a constant ¢; > 0 such that

lag, W) < allglwy@lPllwg @ (9,h € W3M(Q)). (173)

Furthermore, we assume that there is a constant ¢y > 0 such that

a(99)| = czllgllivpg) (9 € W3"(Q)), (174)

that is, a is WQ’”(Q)—elliptic (see, e.g., [22] for notions and background). We
consider solving the weak problem associated with the bilinear form a: Given
feWy,™@Q), find z € W3 (Q) such that for all h € WJ*(Q)

a(z,h) = f(h). (175)

It follows from (173) and (174) that the problem has a unique solution z = Sy f €
W3(Q) and the solution operator Sy : Wy ™(Q) — W3*(Q) is an isomorphism.
Now let r € Ny and 1 < p < co. We formulate the following condition

r=0,p=1 (176)

We assume that

(176) holds and 2 > %
o (177)
(176) does not hold, and £ > (l — l) ,
+

D 2

hence, by (95), (115), and (127), the embedding J : Wi Q) — Wy™(Q) is
well-defined and continuous. We consider solving the weak problem (175) for
f € W;(Q). The respective solution operator is S = Sy.J, that is

S WHQ) S Wm(Q) = W(Q).

Using the isomorphism property of Sy and Corollary 4.3 above we immediately
get

Corollary 7.1. Let r € Ny, 1 < p < oo satisfying (177). Then there are con-
stants ¢, co > 0 such that for all n € N with n > 2

an™ < (S, By o), W (Q)) < ean”(logn)”,

42



where

Vl(mupa 2) Zf 7>07
v =
0 if =0,

and vy is given by (77).

This complements results on the randomized complexity of elliptic PDE ob-
tained in [9, 10].

In a similar way one can obtain the corresponding results for the deterministic
setting, using Theorems 5.1 and 5.2. The respective rates can be read directly
from these theorems by setting ¢ = 2 and replacing s by m. The case r/d > 1/p
is contained in [21], except for the limiting case (105).

Let us compare randomized and deterministic setting just for the case p = 2,
that is, the right-hand side is supposed to belong to W3 (Q) (and the error is
measured in ﬁ//zm(Q)) Again we omit logarithmic factors.

S W5 (Q) = Wg'(Q) | et | ep

n n

r/d>1/2 n-r/d | p-r/d-min(m/d,1/2)

r/d<1/2 1 p—/d—min(m/d,1/2)
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