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Abstract

We study the randomized n-th minimal errors (and hence the complexity) of vector
valued mean computation, which is the discrete version of parametric integration. The
results of the present paper form the basis for the complexity analysis of parametric in-
tegration in Sobolev spaces, which will be presented in Part 2. Altogether this extends
previous results of Heinrich and Sindambiwe (J. Complexity, 15 (1999), 317-341) and Wie-
gand (Shaker Verlag, 2006). Moreover, a basic problem of Information-Based Complexity
on the power of adaption for linear problems in the randomized setting is solved.

1 Introduction

Let M, M, M5 be finite sets and let 1 < p,q < co. We define the space LZ])W as the set of all
functions f : M — K with the norm

1/p
if < 00
Flly = ( 211 ) v

1EM
max [ f (i) if p=oo.

In the present paper we study the complexity of vector-valued mean computation in the ran-

domized setting. More precisely, we determine the order of the randomized n-th minimal errors
of

SMA I (1)
with
(SMA ) (i = L) M | > fGi9). (2)
JEM>

The input set is the unit ball of LéWlXMQ and information is standard (values of f). S™-Mz can
also be viewed as discrete parametric integration. For p = ¢ = oo such an analysis is essentially
contained in [11] and for 1 <p = ¢ < 0o in [25].

The case p # q requires some new techniques. Moreover, it contains a domain of parameters,
namely 2 < p < ¢ < oo, where adaptive and non-adaptive randomized n-th minimal errors
deviate by a power of n. Since the problem (2) is linear, this answers a basic question of



Information-Based Complexity (IBC). Let us give some background on this problem. For a
more detailed account on the problems and results around adaption we refer to [16] and [18],
see also [14] and [20].

The adaption problem in the deterministic setting: It is well-known since the 80ies
that for linear problems adaptive and non-adaptive n-th minimal errors can deviate at most by
a factor of 2, thus for any linear problem P = (F,G,S, K, A) (see the definitions below) and
any n € N

edet—non(g I ) < 2e(S, F, ), (3)

see Gal and Micchelli [2], Traub and Wozniakowski [21]. Partial results in this direction were
shown before by Bakhvalov [1]. Similar results for the average case setting for classes of Gaussian
measures were obtained by Wasilkowski and WoZniakowski [24], see also [22, 23]. Kon and
Novak [12] proved that the factor 2 in relation (3) cannot be replaced by 1.

The adaption problem in the randomized setting: Is there a constant ¢ > 0 such
that for all linear problems P = (F, G, S, K,A) and all n € N

ezan—non(s’ F, G) < Ce;an(s" F’ G) ?

See the open problem on p. 213 of [16], and Problem 20 on p. 146 of [18]. Let us note that for
some non-linear problems the answer is 'No’: for integration of monotone functions [15] and of
convex functions [17]. (These problems are nonlinear because the input set F' is not balanced).
Relations (111) and (112) of Theorem 4.5 show: The answer is ’No’ for linear problems.
The case 2 < p < q of vector-valued mean computation provides a counterexample. The paper
is organized as follows. In Section 2 we recall the basic notions of IBC and present some
auxiliary facts. Moreover, this section contains new general results on the average case setting,
which will be needed for the lower bound estimates in the main result. In Section 3 we recall
one instant of the randomized norm estimation algorithm from [8] which is a central part of the
analysis of the critical domain 2 < p < ¢. Finally, Section 4 contains the complexity analysis of
vector-valued mean computation and the solution of the above mentioned adaption problem.

2 Preliminaries

Throughout this paper log means log,. We denote N = {1,2,...} and Ny = NU {0}. The
symbol K stands for the scalar field, which is either R or C. We often use the same symbol
¢, Cq,Co, ... for possibly different constants, even if they appear in a sequence of relations.
However, some constants are supposed to have the same meaning throughout a proof — these
are denoted by symbols ¢(1),¢(2),.... The unit ball of a normed space X is denoted by By.

We work in the framework of IBC [14, 20|, using specifically the general approach from
[4, 5]. An abstract numerical problem P is given as

P =(FG, S, K,A). (4)

Here F' is a non-empty set, G' a Banach space and S is a mapping ' — G. The operator S is
called the solution operator, it sends the input f € F' of our problem to the exact solution S(f).
Moreover, A is a nonempty set of mappings from F' to K, the set of information functionals,
where K is any nonempty set - the set of values of information functionals. A problem P is
called linear, if K = K, F'is a convex and balanced subset of a linear space X over K, S is the
restriction to F' of a linear operator from X to GG, and each A € A is the restriction to F' of a
linear mapping from X to K.



A deterministic algorithm for P is a tuple A = ((L;)32,, (1:)320, (pi)32,) such that L, € A,
70 € {0,1}, po € G, and for i € N

LiJrliKi—)A, TiZKi—>{O,1}, gOlKZ—>G

are arbitrary mappings, where K’ denotes the i-th Cartesian power of K. Given an input
f € F, we define (\;)2; with \; € A as follows:

M=Li, Ai=Lin(), . ha(f) @@= 2).

Define card(A4, f), the cardinality of A at input f, to be 0 if 75 = 1. If 7y = 0, let card(A, f)
be the first integer n > 1 with 7,,(A1(f), ..., Au(f)) = 1 if there is such an n. If 7, = 0 and no
such n € N exists, put card(A4, f) = +oo. We define the output A(f) of algorithm A at input

f as
%o it card(A, f) € {0,00

o (F)s o An(f)) i 1< card(A, f) = n < oo,
The cardinality of A is defined by

card(A, F') = sup card(A4, f)
fer

and the error of A in approximating S by
(S, A F,G) = Sup 15(f) = APl
€

Let @79 (P) be the set of all deterministic algorithms for P and, given n € Ny, let &/ 3¢(P)
be the subset of all those A € &79°(P) with with card(A) < n. Then the deterministic n-th
minimal error of S is defined as

ed(S,F.G) = inf e(S,A F Q).
Aeadet(P)

A deterministic algorithm is called non-adaptive, if all L; and 7; are constant, in other
words,

L; e A (Z € N), T; € {O, 1} (l S No) (5)

The subset of non-adaptive algorithms in &7%°*(P) is denoted by &7°*=1°"(P) and the respective
subset in &3 (P) by @dt=non(P). Correspondingly, we define the non-adaptive deterministic
n-th minimal error of S by

6iet—non(s’ F, G) — inf e(S, A, F, G)
A gt ron (p)

Clearly, we always have
eSS, F,G) < el NS F,G)  (n € Ny).

Below we will consider problems on product structures. Let P be an abstract numerical
problem (4) and assume that

F = FOxF® K=KOUK® A=ADUAO®,
FO # 0, KV#0 (=12, AV#0 AYVNAD =9,



such that A(M consists of mappings into KM, A® of mappings into K@, and for all A € A
we have A(f,g9) = M f',9) (f, f € FV, g€ F®) that is, all A € A depend only on g € F®
(the A € A may depend on both f and g). For A € A® we use both the notation A(f, g) as
well as A(g).

Let A = (L), (1), (9:)2,) be a deterministic algorithm for P. Given f € F® and
g€ F® let

M=Li, Ni=Li(A(f,9),--,0(f,9) (0>2).
Define

cardyo)(A, f,9) = |{k <card(4, f,g) : \, € AV}
cardyo (A, f,9) = |{k <card(A4, f,g): \x € AP}

Clearly, if A is non-adaptive, these quantities do not depend on (f, g). Fix g € F®. We define
the restricted problem P, = (F), G, S,, KU, A,) by setting

S, FO G, S,(f) =S(fr9) Ag={A(-.9): A€ AV}, (6)

To a given a deterministic algorithm A for P and g € F® we will associate an algorithm Ay
for the restricted problem P,. The following result extends Lemma 3 of [7] and Proposition 2.1
in [10].

Lemma 2.1. Let A be a deterministic algorithm for P and let ¢ € F®. Then there is a
deterministic algorithm A, for P, such that for all f € F

Ay(f) = Alf.9) (7)
card(Ay, f) = cardyow (4, f,9). (8)

Moreover, if A is non-adaptive, A, can be chosen to be non-adaptive, as well. In this case (8)

turns into
card(A,) = cardya) (A). 9)

Except for some minor modifications the proof is the same as that in [10], we therefore only
present the construction of A, from A.

Sketch of proof of Lemma 2.1.

Let A= (L), (1), (9:)2%) and fix g € F®. Let vy € AW be any element. Given an
arbitrary sequence (y;)°, € (KM)N, we define two sequences (\)2, € AN and ()2, € KN
inductively as follows. Let

Moo= Ly (10)
L= Y1 if A\ € A
DT Mg) if A e AP,

Now let ¢ > 1, assume that (\;);<; and (2;);<; have been defined, let

I=[{j<i:\ €AW},



and set

Aig1 = Li+1(217 e 7Zi) (11)
Ziq = Yi+1 it Aip € AW
o >\i+1 (g) if )‘H—l € A®?).

Roughly, this is something like the information A produces, when instead of the values \(f, g)
for A € A the consecutive values y; are inserted. Let ky = 0 and define for [ € N

ki =min{i € N: i > k_;,\; € AW}, (12)
(min ) := o0).

Now we define the functions constituting the algorithm A, = (L; )4, (71,4)720, (¢14)72,) for
finite substrings (y1,...,y;) of the given sequence (y;)7°,. Let [ € Ny and set

)\klﬂ(-,g) if kl+1 < 0
Livig(yrs ) { vo(+,9) if ki =00 (13)
(0 if ki <oco and Ti(zp,...,2) =0
for all ¢+ with k; <1 < kj4q
Tl,g<y17---7yl) = 1 if kl—i—l < oo and 7'2'(21,...,21') =1 (14)

for some ¢ with k; <1 < k4

L 1 if kl+1 = 0

( Ok (21, ..y 2) if ki <oo and  T(z1,...,%) =0
for all ¢+ with k; <1 < kj4q
wi(z1,...,2) if 4 is the smallest idex with k; <i <k
Pro(ynom) = and 7;(21,...,2;) =1
©o if k=00 and 7(z1,...,2)=0

for all 4 with & <1 < o0.

\

Since we defined these functions of finite strings by the help of an infinite string, correctness has
to be checked in the sense that for each [ € N and each sequence (gj);‘;l c KO with Yi = Uj
for all j < the respective values of L1 4, 714, and ¢; 4 coincide. But this follows readily from
the definitions.

If A is non-adaptive, then by (5), L; € A and 7; € {0,1} for all i € Ny. Consequently, by
(10) and (11), A; = L;, and moreover, by (12), the sequence (k;);°, does not depend on (y;);2,.
Therefore (13) and (14) show that L;4y , and 7, do not depend on yy, ..., y;, thus Ly, € Ay,
7,4 € {0, 1}, hence A, is non-adaptive, as well, and (9) follows.

Finally, the inductive verification of (7) and (8) is straightforward, but somewhat technical.
It follows exactly the line of the respective part of the proof of Proposition 2.1 in [10].

O

A randomized algorithm for P is a tuple A = ((©,3,P), (A, )weq), where (©,3,P) is a
probability space and for each w € 2, A, is a deterministic algorithm for P. Let n € Ny. Then
/' (P) stands for the class of randomized algorithms A for P with the following properties:
For each f € F' the mapping w — card(A,, f) is X-measurable,

Ecard(A,, f) <n,



and the mapping w — A, (f) is X-to-Borel measurable and P-almost surely separably valued,
i.e., there is a separable subspace G of G such that P{w : A,(f) € Gy} = 1. We define the
cardinality of A € &/™*(P) as

card(A, F) = sup Ecard(A,, f),
fer

the error as

G(S, A> F7 G) = ?}égE ||S(f) - Aw(f)HGa

and the randomized n-th minimal error of S as

NS F.G) = inf (5,4, F.G).
Er 7{an

Considering trivial one-point probability spaces 2 = {w} immediately yields
e (S F,G) < (S, F, Q). (15)

Similarly to the deterministic case we call a randomized algorithm ((€2, X, P), (A, )weq) non-
adaptive, if A, is non-adaptive for all w € €. Furthermore, </~ "°"(P) is the subset of
non-adaptive algorithms in 27/**(P). The non-adaptive randomized n-th minimal error of S is
given by

e NS FLG) = inf e(S, A, F.G).
Aedm=mon(p)
Then it holds
e™(S, F,G) < e NS, F,G)  (n € Np). (16)

Moreover, in analogy to (15) we have
e;an—non(s, F’ G) S eiet—non(sj F’ G)'

We also need the average case setting. For the purposes of this paper we consider it only
for measures which are supported by a finite subset of F'. Then the underlying o-algebra is
assumed to be 2% therefore no measurability conditions have to be imposed on S and the
involved deterministic algorithms. So let u be a probability measure on F' with finite support.
Put

card(A) = [ card(A. pydu )
(S, A u,G) = / 1S() — A lledu(f),

ag(g ) = inf S, A, G
€n ( » 1 ) Ae%det(p;;ncard(A7u)§ne( O >7
NS, 1, G) = inf (S, 4,1, ).

Agg/det—non(P): card(A,p)<n
Similarly to (16) we have
esve(S, u, G) < NS u, G)  (n € Ny). (17)

We use the following well-known results to prove lower bounds.



Lemma 2.2. For every probability measure 1 on F' of finite support we have
1
efman(sa Fv G) > 563‘7;%(57 <2 G)

1

NS, FLG) 2 SenE (S, 1)

Next we prove two general lemmas on the average case. They concern product structures.
Let M € N and let for i = 1,..., M, P; = (F;, G;, S;, K, A;) be a numerical problem and p; a
probability measure on F; whose support is a finite set. We assume that for each ¢ none of the
elements of A; is constant on Fj, that is,

for all A € A; there exist fi, fo € F; with A(f1) # A\(f2). (18)

Let 1 < ¢ < 0o and let Lé\/l(Gl, ..., Gyr) be the space of tuples (g;)M, with g; € G;, endowed
with the norm H(Hng)f‘ile The coordinate projection of G onto G; is denoted by P,. We
define the product problem P = (F,G, S, K, A) by

M M

F=][F. G=LY(G.....Gn), K=|]JK, (19)
=1 =

S = (Sl,...,S]\/[)Zf?—>C;’7 S(flany) = (Sl(fl)aaSM(fM))a (20)

furthermore, let

and set
A =UM ®;(A). (22)
Note that (18) implies
D;(A) N D;(A;) =0 (i # j). (23)
For 1 <1 < M we put

Fi/ = H Fj? (24>

1<j <M jd

If ¢ is fixed, we identify, for convenience of notation,
F with F,xFE, f=(fi,....fi,...,fu) €F with f=(fi,f]), (25)

where
fi/:(fla"'7fi—17fi+17-”7fM)eﬂl‘ (26>

For the following lemma we define

M

p=]1w wi= I w (27)
i=1 1<G<M,ji

Lemma 2.3. With the notation above, under assumption (18), we have for each n € Ny

M
1 . av,
e™e(S, 1, G) > §1nf {H(epi1 (Si,ui,Gi))f‘ilHLy :n; ERn; > O,Zni < n} (28)

=1



Proof. Let A = ((Lg)32 1, (Tk)720, (¢r)5,) be a deterministic algorithm for P with card(A, p) <
n. Let n;(f) be the number of information functionals in ®;(A;) called by A at input f. Setting
n; = E,n;(f), we have

M
Z n; < n. (29)
i=1
Now we use Lemma 2.1 for the problem
and algorithm
PA = ((Li)is, (7)o, (Pion)io) (31)
with
F(l) _ E, F(Q) — FZ‘/, K(l) — Ki; K(Q) — UK-77 (32)
i
AW = 0,(A;), AP = Ja,(A,). (33)

JF#i
We conclude that for each f; € F] there is a deterministic algorithm A, ; for Pj(f;) such that for
all fl c E
Aip(fi) = BPA(f 1)) (34)
Card(Ai,fi') fi) = Card(bi(Ai)(PiAa is fz/) = Card‘ln(Ai)(A> fi>fi/) = n;(fi, fz/) (35)
Observe that by (6)

Pi) = (F, i, (PS) g1, Ko Ay,

moreover, for f; € F;
(Pis)f;(fz’) = PiS(fi> fz/) - Si(fi)a
and, since for \; € A; we have (®;(\,))(fi, f1) = Ni(fi),
A=A f) - A€ (M)} = {(Qa( X)) (-, fi) = A € A} = A
This implies

P =P (36)

so A; g is a deterministic algorithm for ;. From (27) and (35) we conclude

B, card(A; gy, i) = By card(Ai g, fi) = Buni(fi, ;) = ni. (37)
Now we estimate

ES() = AN = B (IBS() - BA)|
|EIPS(F) — PA)

M
Gi)i:l HL{;{”

Gz’)?; HL{]VI' (38)

v




Furthermore, (37) implies p;({f; € Fi : card(A; g/, ;) < 2n;}) > 1/2, therefore

EIPS(f) = PA) lle,

::A/Wﬁ Aig(f)

1 2
e(SivAi,f{7MiaG>duz(fz) 2 [25 (S“M”L?Gl)

c, dpi(f)dui(f1) =/ e(SiaAi,fi’vﬂi»Gi)dﬂ;(fi/)
7

> /
{fi€Fi:card(A,; ;/,pi)<2n;}
I

Inserting this into (38), we obtain

1
EulIS() = AN 2 5l (Rt (S G) 2y e

This combined with (29) yields (28).
[

Now consider the case that all P; are copies of the same problem P, = (Fy, Gy, S1, K1, Ay),
and similarly, p; =y (i=1,..., M).

Corollary 2.4. Under these assumptions,

et (S, n,G) = 2717 ”qe?ﬁgﬂ(& p, Gh). (39)

Proof. Let n; € R, n; >0 with 3.2 n; <n. and set [ = {i: n; < 203 consequently, |7] > 4.
Hence, for ¢ € I,
[zn (51,M1,G1) T 1(51#1,@'1)

so Lemma 2.3 gives (39).
[l

The next lemma concerns non-adaptive algorithms. We assume the same setting (19)—(26)
as introduced for Lemma 2.3, except for the definition of y, which here is given as follows. Let
v; > 0 with ZZ vi =1, let fi, € F] be any, but fixed elements, and let

Ji Fy = F, Ji(f) = (fi o) (fi € F).

We define the measure p on F' by setting for a set C' C F

= > (7(©)) (40)

thus p is a probability measure on F' of finite support.

Lemma 2.5. With the notation above and under assumption (18) we have for each n € Ny

M M
e;alvg—noﬂ(s,lu, G) > M_l/q min { Zyieztg_non(Si,Mi,Gi) - n; € No,ny > O’an < n} (41)

=1 i=1
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Proof. The proof is similar to that of Lemma 2.3. Let A be a non-adaptive deterministic
algorithm for P with card(A) < n. Let n; be the number of those non-zero information
functionals of A which are from ®;(A;). Then

M
S n<n (42)
=1

We use Lemma 2.1 again, with the same choice (30)—(33) and conclusions (34)—(36), thus, for
each ¢ there is a non-adaptive deterministic algorithm A; p for P; such that for all f; € F;

Aip (fi) = PA(fi, 1) = BA((f)
card(As ;) = cardg,a,)(PA) = cardg,a,)(A) = n;.

Consequently, using also (40),

JIS(6) = A ladntr) = Sow [ USCHED = AU lodra( )

v

M3 [ IS = RACKED i )
z]\:Jl
= M [ 1S~ Augg ()l £

M
> MYyl NS, i, Gy,
i=1
which together with (42) implies (41).
[l

Similarly to Corollary 2.4 we obtain for the case P; = Py, iy = 1, v; =M1 (i =1,..., M)

Corollary 2.6.

e;?ngfnon(s’,u7 G) > 271M*1/QGTVQJ*JHOH<517/JJ1’ Gl) (43)
M

Proof. Let n; € Ng, S22 n; < n and define I = {i : n; < 23 thus |I| > 4. Hence, for i € I,
e;al\;g—non(sl’ Ml) Gl) Z eaLvi—non(S17 ,ula Gl)a
| %]
so the desired result follows from Lemma 2.5.
O

The types of lower bounds stated in the next lemma are well-known in IBC (see [14, 20]).
For the specific form presented here we refer, e.g., to [4], Lemma 6 for statement (i) and to [9],
Proposition 3.1 for (ii).

Lemma 2.7. Assume that K =K, F is a subset of a linear space X over K, S is the restriction
to F' of a linear operator from X to G, and each A € A is the restriction to F of a linear
mapping from X to K. Let nn € N and suppose there are (f;)!_; C F such that the sets
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{ANeA: f;(N)#£0} (i=1,...,7) are mutually disjoint. Then the following hold for alln € N
with 4n < n:

() If S cifi € F for all sequences (i), € {—1,1}" and p is the distribution of
Z?:l eifi, where g; are independent Bernoulli random wvariables with P{e; = 1} = P{g; =
—1} =1/2, then

av, I . _ _
e2Ve(S, 1, G) > §m1n{EH;5iSﬁ g IC{1,...,n}, || zn—Qn}.

(i) If af; € F for all1 < i <n and o € {—1,1}, and p is the uniform distribution on the
set {af; : 1<i<n, a € {-1,1}}, then

We need the following well-known procedure of “boosting the success probability”, which
decreases the failure probability by repeating the algorithm a number of times and computing
the median of the outputs. The following lemma for K = R is essentially contained in [3], where
it was derived in the setting of quantum computation. We include the short proof for the sake
of completeness.

Let m € N and define 0 : K™ — K as follows. If K = R, let fg be the mapping given by

the median, that is, if 25 < -.- < z* is the non-decreasing rearrangement of (z1, ..., z,), then
ZEkm-i-l)/? if m is odd
Q]R(le"vzm) = Z;/2+Z:n/2+l

5 if m is even.

If K= C, then we set
Oc(z1,. .. 2m) = Or(R(21), ... . R(zm)) + i0R(S(21),. .., S(zm))-

Lemma 2.8. Let (3, ...,(n be independent, identically distributed K-valued random variables
on a probability space (A, X, P), z € K, e > 0, and assume that P{|z — (1|¢ < e} > 3/4. Then

P{’Z - GK(Ch s 7(m)| < CK‘E} >1- e_m/87
with cg = 1 and cg = V2.

Proof. Let x; be the indicator function of the set {|z — ;| > €}, thus P{x; = 1} < 1/4.
Hoeffding’s inequality, see, e.g., [19], p. 191, yields

P{;Xizg}SP{X;Wi—EXi)E%}SB_m/S’ (44)

Define
0y = {w eQ: {i: |z—Gw)| <e}| > %},

then by (44), P(Q) > 1 — e ™8, Fix w € Qq. It follows that for K = R

‘Z - QR(Cl(w)% cee 7Cm(w))’ <e,
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and for K =C

[R(z) = Or(R(G(w)), - R(Gn(w)) <& [S(2) = Or(S(G (W), -, F(Cm(w)))] <&,

and therefore

&

2 = 0c(G(W)), -5 Gn(W))] <

E.

]

Finally we need some results on Banach space valued random variables. Given p with
1 < p < 2, we recall from Ledoux and Talagrand [13] that the type p constant 7,(X) of a
Banach space X is the smallest ¢ with 0 < ¢ < 400, such that for all n and all sequences

(xi)?zl - X?
n P n
E H S| <SP,
i=1 =1

where (g;) denotes a sequence of independent symmetric Bernoulli random variables with P{e; =
1} =P{e; = -1} = 1. X is said to be of type p if 7,(X) < oco. Trivially, each Banach space
is of type 1. Type p implies type p; for all 1 < p; < p. For 1 < p < oo all L, spaces
are of type min(p,2). Moreover, the spaces L) are of type min(p,2) uniformly in N, that is,
Tmin(p2)(LY) < c. Furthermore, ¢; (log(N + 1))/2 < 7 (LX) < co(log(N +1))3.

We will use the following result. The case p; = p of it is contained in Proposition 9.11 of
[13]. The extension to the case of general p; is Lemma 2.1 of [6].

Lemma 2.9. Let 1 < p <2, p < p; < oo. Then there is a constant ¢ > 0 such that for each
Banach space X of type p, each n € N and each sequence of independent, mean zero X -valued
random variables (¢;)"_, with E||G||"* < oo (1 <i < n) the following holds:

n 1/p1 n 1/p
<EHZC m) gcrp(X)<Z(JEHQH“)Mm) . (45)

3 Norm estimation

A key part of one of the algorithms below will be randomized norm estimation. We use an
algorithm from [8]. Let (@, Q, 0) be a probability space, let 1 < ¢ < p < oo, and let p; be such
that

2<pi<oo if p=oo and ¢g=1, (46)
and

1 1 1 .

—=1+-—- if p<oo or ¢>1 (47)

b1 p q

For n € N define A}, = (A}, ,)ueq by setting for w € Q and f € L,(Q, Q, 0) (= L,(Q) for short)

n 1/q
AL = (%Zm(w))w) , (43)

where ¢; are independent )-valued random variables on a probability space (2, %, P) with
distribution p.
First we recall Lemma 3.1 from [§].
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Lemma 3.1. Let 0 < a < oo. Then for x,y € R with x,y >0 and x +1y > 0
min(a, 1) max(z, y)* o —y| < [2* — ¥ < max(a, 1) max(z, y)* o — yl.

Moreover, if 1 < a < oo, then
=y < |2 =y

The following is essentially the upper bound from Proposition 6.3 of [8]. No proof was given
there, it was just mentioned there that the (quite technical) proof of Proposition 3.4 simplifies
to yield Proposition 6.3. For the sake of completeness we include the full proof here.

Proposition 3.2. Let 1 < g < p < oo, and let py satisfy (46)—(47). Then there is a constant
¢ > 0 such that for all probability spaces (Q, Q,0), f € L,(Q), andn € N

1/ max — —
(B |1 fllzgt@) = Ano (D)™ < en™ VeI £l o)

Proof. Let u = min(py,2). The assumption g < p and (46)—(47) imply

l<u<2, u<gp <p, (49)

1 11 1 1 1
——l=max|—,= ) —1l=max|-——-,—=|]. (50)
u P2 poq 2

We have A}, (af) = |a|A},(f) and ||af|z,@ = lalllfllz,@) for a € R, so we can assume
w.lo.g. f € Br,q), [ #0. With the help of Lemma 3.1 we obtain

1 lza@r = ALCDL = LIS, ) = (AL (£
< max(If[14 g AL (DL o) — AL (1)
< ALY AL ) — Abu(H?] (w e Q).

Consequently,

ENfleq@ — A;,w(fﬂpl)l/pl < ||f||Lq(Q (E

1 n
1£11%,0) = = D_1F &I
i=1

p1\ 1/m
) . (51)
Setting

i = ||f||qu(Q) — | f(&)1,

we conclude from (49) and Lemma 2.9 with X = K (the scalar field is of type u)

1/p1 1 n 1/p1
( 1715, ——Z\f& ) :<E— )

n;m

n 1/u
< en” <Z (E |m|pl>““”) = en!/* T (E [m 7)< et (B LF ()]

i=1

Together with (51) we arrive at

Bl — AL (HIP)P < en I FIL9D E ] f(&)Im) 7 (52)
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To go on, we first assume ¢ = 1. Taking into account the second relation of (49) and (50),
inequality (52) turns into

1 u— max —1,—
(E [l — AL (O < en* H EIF(&)) 7 < enmx(/r1m1/2),

which concludes the proof for ¢ = 1.
Now we assume ¢ > 1, them by (47), p; < p. Moreover, defining v by

1
e ! (53)
vp

we have 1 < v < oo, and by (47) and (53)

1111
pvo pL D q’
hence
(¢ —pv=gq. (54)

Next we show that

1/v

E|f(&)™ < (E[f(&)] D7)
Indeed, if p < oo, (53) and Hélder’s inequality give

E[£(&)P (&) < (BIF(€)P)"P (BIF(&)] @)

1/v

< (E |f(§1)|(q—1)p1v) :
while for p = co we have v = 1 and
E|f(€)1™ < fIF. oEIf(E)@ I <E|f(&)| 1P,

thus (55) is verified. Furthermore, by (54),

_ 1/v -1 -1
(B1£ 0] eP) ™ = F1 0 o = IS o

g—1)pyv
Together with (55) this implies
E]£E)™)P <% (o)

Inserting the latter into (52) and using (50) we obtain

(E H|f||Lq(Q) —_ A}L7w(f)|p1>1/p1 S Cnl/u_l — Cnmax(l/p—l/%_l/g).
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4 Vector Valued Mean Computation

We refer to the definition of vector valued mean computation S™M2 given in (1)—(2). In other

words,
1
SMI’M2 — )
f |M2| Z fj

JEM>
is the mean of the vectors
fi = (i, 9))iem- (56)
It is easily checked by Holder’s inequality that
e R A (57)

(with a4 := max(a,0) for a € R). Expressed in the terminology of Section 2, we shall study
the problem

My, M: M My, M-
P L2 = <BLII,\/11><1¥127L(11;S b ZaK;A)7

where A = {0;; : © € My, j € My} with 6;;(f) = f(4,7). Clearly, this problem is linear. For
N1, Ny € N we write Lévl for L%“’Nl], where Z[1, Ny := {1,2,..., N1}, furthermore Lévl’NQ for
LELNIXELNE g §NLNe for SEILNIZILN Dye to the obvious identifications, it suffices to
consider SN2 for the rest of the paper. If Ny = 1, SN turns into the mean operator
N .
Vg = 55 20521 90)-
Given n € N, n < N;N,, we define for SN2 a non-adaptive randomized algorithm

a2 = ()

weN

with (€, %, ) a suitable probability space as follows. Let n; (I =1,..., [Nil-‘) be independent
uniformly distributed on {1,..., N} random variables, defined on (2,3, ). We put for f €
LY 1 <i <Ny

(A2, f)(@) = 0 (n<DNy) (58)
R
(A2.f)(i) = [ﬂ S @) (Vi <n< NV, (59)

Remark 4.1. The constants in the subsequent statements and proofs are independent of the
parameters n, Ni,No, and m. This is also made clear by the order of quantifiers in the respective
statements.

The following result is a slight extension to the case p # ¢ of the upper bounds in Wiegand’s
Theorem 4.2 in [25].

Proposition 4.2. Let 1 < p,q < oo, put p = min(p,2), and let w = p if p < 00 and 2 < w < 0o
if p = 00. Then there is a constant ¢ > 0 such that for all n, Ny, Ny € N with n < N1Ny and
all f € Lévl’NQ

EA f=8"™Mf (n>Ny), card(4:,) < 2n, (60)
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and
N1, 2 Ljw
(BN = A2 fl2, )

if p<ooVg<oo

—141/p
W (61)

) N
1/2

[NLJ ~1/2 min <log(N1 +1), [NLID if p=gq=o0.

Proof. Relation (60) is obvious, while (61) for n < N; directly follows from (57) and (58).
Thus, in the subsequent proof we assume n > N;. Next we prove (61) for p = ¢. This case is
essentially contained in the proof of Theorem 4.2 in Wiegand [25], for the sake of completeness
we include the short argument. With f; € Lévl being defined according to (56) we get from

(45)
N1,N 2 Lw
(BlS™ g — A2 fll2y,)
w 1/w
LQ’1>

R /Ny
= || (E
]

Z (Efm - fm)

=1

-1 /A N TN
< CTp(L;Vl)’VM—‘ (Z (EHEfm_fm‘LNl) )
=1 P
—1 / [n/N1] _ 1/p
n w p/w
< %(L;“)[—} ( (BNl ) )

o\ o R
) < CTp(Li)Vl) [ﬂ ||f||L;'y1,N2
1

N.
L2

= e [ o] (T )

1-1+1/p
{i if 1<p<x

-z LT\ 12 ‘
{E min <10g(N1 +1), (E—D if p=o0,

(62)

VAN
S
=
e
2
F

where the second term in the minimum of (62) for p = oo comes from the bound
IS f = AL Fll e <20 f e (w € Q)

which is an obvious consequence of (57) and (59). This shows (61) for p = gq.
For p # ¢ we have

w 1/w (1/p—1/q) w 1/w
(BIS™ N f — A2 fllow ) <Ny P70 (RSN — A2 flen )L (63)

This together with (62) gives the desired result except for the case p = 0o, ¢ < co. That case
follows by setting ¢; = max(q,2) and representing

J SN1,N2
SN1,N2 . L(J)VO1,N2 ; Lé\lﬁ,l\b ; Lé\ﬁ7

with J the identical embedding.
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Now we consider the case 2 < p < ¢ < oo and define for it an adaptive randomized
algorithm. Let [ € LI],Vl’N2 and set f; = (f(i,j))j»vil (note that now the f;’s are the rows). Let
m,n € N and let

{oi<is|g]iskem) morsisnisksm, o
1

be independent random variables on a probability space (€2, %, P) uniformly distributed over
{1,..., Na}. It is convenient for us to assume that (2, X,P) = (Qq, 31, P;) X (Qg, X2, Py), that
the (&) are defined on (€24, X1, Py), and the (n;;) on (Qq, 33, P2). Furthermore, the expectations
with respect to the corresponding probability spaces are denoted by E, E, E,.

We first apply & times algorithm A%n /Ny to estimate || fi] LY and compute the median of
the results . Thus, we put for w; € Q, 1 <i < N, 1 <k<m

an(n) = Uﬂ )3 fi<5jk<w1>>2>1/2

1<%
ai(wi) = Or((ain(wi))is)-

Next we define the number of samples to be taken in every row, setting for w; € Q1,1 <i < N

(

_Nﬁl-‘ if  a;(w)? < Nt idl(wl)Q
i) = [ a:n 2 1 l;ll 2 o)
\ i\ill d%—‘ if  a;(w)? > Nj ;al(wl) :
and approximate (SNl’N2f) (i) = SN2 f; for wy € Oy by
1 ni(w1)
bis(wr, ) = s Z fimin(w2)) (1 <k <m) (66)
bi(wy,ws) = O ((bir(wr, w2) )iy ) - (67)
Finally we define the output A3 (f) € L) of the algorithm for w = (wy, w;) as

A3 = -
n,m,w<f> { (bi<wl,(JJ2))£i11 if Nl <n< NlNQ. <68>

Proposition 4.3. Let 2 < p < qg < oo and 1 < w < oco. Then there exist constants ci,co > 0
such that the following hold for all m,n, Ny, N, € N and f € L)
card(A2 ) < 6mn (69)

T, 1, W

and for m > c;log(Ny + Na), 1 <n < N1 N,

N1,Ng 3 w 1w 1/p—1/q n e n -2
(BISYf At lgn) < e M| o a0
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Proof. For n < Nj relation (69) is trivial and (70) follows from (57). Hence in the sequel we
assume n > Nj. Note that 1 < n; < n and the total number of samples is

N Ny 9
n n an
mN; [E—‘ +m ;_1 n, < 2mN; [Fw +m g |7 N ~2w

1 i=1 1=1 9

< 3mn+ 3mN; < 6mn,

which is (69). Fix f € L2, By Proposition 3.2

o\ —(1/2-1/p)
Bl —oa| <c0(5) Ml ()
1 P
and therefore,
n \ ~(1/2-1/p) 5
Pidwn €t [Ilfill g — alen)| < 4e(1) - 1 fill o ¢ = 5 (72)
2 Nl ) 4
Now we set
8(w+1)

2 s
«(2) loge

(recall that log always means log,), then m > ¢(2) log(N; + Ny) implies e=™/® < (N; + Ny) ™%~ L,
From (72) and Lemma 2.8 we conclude

—-(1/2-1/p)
B n e
E{MGQNMMM?—%WQgQﬂKN) \mmw}zy4m+wg L(74)
1 D
Let
0\ ~(1/2-1/p)
Oa=qw e (Il -] <o) () Ml Gisn)p. @)
2 1 P
thus
PI(QI,O) >1- (Nl -+ Ng)_w. (76)
Fix wy € Q9. Then by (75) for all 4
au(en) < el fill @
Consequently,
1 Ny 1/2 1 Ny 1/2 1 N1 1/p
~ 2 2 p —
(matr) se(matiky) se(mX i) =il 0

nifer) > [—] L<i<n). (79)
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Moreover, by (66) and the standard variance estimate for the Monte Carlo method,

LS filmlen))

nz‘(w1) ,

j:
ni(w) 2 fill e 1<i<NL1<k<m).  (80)

K, (SNI’NQf)(i) —bip(wi,wa)| = Ey SN f; —

ni(w1) ‘

IN

Let

hence from (75)
N\ ~(1/2-1/p)
I < (5 ) flle e I,
1

which combined with (79) and (80) gives

n \ ~(-1/p)
<e(s) My Gereorsism. sy

E2‘ (SN17N2f) (Z) — bik(wl, CUQ) N,

Now assume i & I(wy), thus

We show that

~1/2
<e(3) Wl GEI@LISkSm. (9
1

]EQ‘ (SNLNQ f) (Z) — bik(wl, (.Ug)

Indeed, if a2 < Nyt 32N @2, then by (65), (80), (82), and (78)

—1/2 —1/2 N1 ~9\ 1/2
<o L) Taza(n) (Zmd
Ny Ny Ny
o\ 12
< o(5) Ml

On the other hand, if a2 > N;* Z;\Ql a?, the same chain of relations yields

an O\ V2 o\ L2 Mi o2 1/2
< 2 =i ;=2 — Za=1 Y
@ N, M
~1/2
n
C(E) ||f||L;Vl’N2-
This proves (83).

Combining (81) and (83), we conclude for 1 <i < N, 1 <k <m

Eg‘ (SNl,sz) (1) — big(wr,wo)

EQ' (SNI’NQf) (Z) — bzk (wl, CL)Q)

IN

n \ ~(-1/P) n\ Y2
EQ (SvaNQf)(i) — bik(wl,WQ) < C(3) (F) HfZHLéVg +C(3) (F) ||f||Lé\71,N2.
1 1
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Arguing as above (71)—(74) and setting c¢(4) = 4cge(3), with cx from Lemma 2.8, we obtain
from (67) for wy € Qy9, m > ¢(2)log(Ny + N3), and 1 < i < N,

]P)Q{QJQ €y ‘(SNl sz)( ) ((JJ]_,(JJ2)’
2\ -(-1/p) o\ "1/
<e(5) Myt (5 HfHL;yLNQ} > 1 (V) (84
Define

ngo(wl) = Wy € Qg . ‘(SNl’NQf) (Z) — Bi(wl,wg)‘

—

n n

—(1-1/p) —1/2
(x) Wl te@( ) Ml <1§z§N1>},<85>

IN

thus from (84), for all wy € Q¢
Py (Qoo(wi)) > 1 — (N + Na) ™. (86)
Now we set
Qo = {(wi,w2) € Q:wi € i, wa € Do(wr)}- (87)

Since for fixed f all random variables (64) take only finitely many values, it follows readily that
Qg € ¥. Furthermore, from (76) and (86),

P(Qo) = / Pz(ngo(wl))dPl (wl)
Q1.0
> (1= (Ny+ No) )2 > 1—2(N;, + Np) v (88)
It follows from (85) and (87) that

52582 = (b))l
N

0\ ~(-1/p) 1 IINEYE
< () RIS (F) I

N Y BT
(+) () )HfHL;ym e (59)

To estimate the error on Q \ ©y we note that for all w € 2

N
o
—~~
T~
N~—
Y
=
~
]
_
S~
<

1/p
< < <
[bi(w)| max || < max |f(i5)l < N7 Aill

and therefore,

N1

H(lN)Z(w HLN1 S Nl/p (“fi“LéVQ)i:l LNl

< NPTYINGP | F | . (90)
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Furthermore, by (57),
HSNLMf”LéVl < Nf/p_l/q”f”L;Vl,Nz' (91)

Combining (88), (90), and (91), we conclude

~ w 1/w
(/Q\Q SN2 f = (b)) [| dIP’(w))

S Nll/Pfl/q <1 + N21/p>]P>(Q \ QO)l/w”fHL;\’LNQ

IN

NP1 Ny ) (N + )1 v
< 4]\711/13—1/11]\721/p(N1 + N2)_1||f||LZJJV1YN2 < 4]\[11/17—l/qu—(l—l/p)“fHL;VLN2

Vp—1/g( T —(1-1/p)
() g

IN

the last relation being a consquence of n < NjNy. Together with (89) this shows (70).
[

Proposition 4.4. Let 1 < p,q < oco. Then there exist constants 0 < ¢y < 1, ¢1...cq4 > 0 such
that for each n, N1, N1 € N, with n < coN1 Ny there exist probability measures p™V, ..., ™ with
Jinite support in B ny.n, such that

P

—-1/2 8q,00/2
28 (GNLN:, Y, L(]]Vl) > ¢ [Nﬂl-‘ (min (log(Nl + 1), [%—D) , (92)

L n —(1-1/p)

6%Vg(SN1’N2,M(2),L(]JVl) Z CQNl/p_ /q ’VF—‘ , (93)

1

N,N2 () TN O
e t(ST Y Lyt) = e [E-‘ ’ o

n 1712

eflvg—non(SNth”u(@’L(]JVI) > C4N11/p—1/q ’Vﬁ—‘ . (95)

1

Proof. The proofs of (92) and (93) are similar to Wiegand’s lower bound proofs of the case
p = ¢, see Theorem 4.2 in [25]. For a number 1 < L < N, we define L disjoint blocks of
{1,..., Ny} by setting

Dj:{(j—nL%Jﬂ,...,jL%J} G=1,... L) (96)

We have N N
Dj|=|=2|> =2
D= || 25 (97)
We set ¢y = %, let n € N be such that
N1 N,
1<n< 98
n < (98)
and put

L— {4—”J .y (99)
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hence 4
n n
— < L < — 1
N <L<5h L\G-‘ (100)

1

and, since by (98), 2% < N,
L < Ns.

To prove (92), we define functions 1;; € L}],V“N2 by

1, if s=¢ and teD;
0 otherwise.

1/)ij(s,t =

-1

By the construction of the v;;,
N L
>3ty B
i=1 j=1

for all aj; = £1. Let (513)2 3 ro be independent symmetric Bernoulli random variables and let

) be the distribution of ZZ 1 j=1 €ij¥iz. Since by (100), LNy > 4n, we can apply Lemma 2.7.
So let IC be any subset of {(i,7) : 1 <i < Ny, 1 <j <L} with || > LN; — 2n. Then
1
K| > LLN

For 1 <¢ < Nj let

and

Then
> (101)

Let (e;)N, denote the unit vectors in RM, (g;)/™/*] the unit vectors in RM™/41. Then from
(97), (101), and the contraction principle for Rademacher series (see [13], Theorem 4.4) we get

. QN1,N2
E Z €i;S (o .
(3,7)EK Lq
1] 1Kl
| D1 \Dl
>
> Dlgl| 5yl D) SS )
i€l jeK; Lq i=1 j=1 Ly
[N1/4] [L/4] 1/q [N1/4] [L/4]
| D, | | D1 [N1/4]
= > Z%el = 1/q > D g
2 =1 j= LN NNy =1 j=1 LIN/A4]
q q
1 [N1/4] fL/41
> SE| D D e
i=1 j=1 L’—Nl/‘ﬂ
q
and from Lemma 2.7 (i)
(M, ), L)
1 1 [N1/4] [L/4]
> i ZSNlN2 i > — ijJi 102
> 5 B 2 oS 2B 3 Y en| L (102
(4.5)eK =1 j=1 LM




23

For ¢ = oo we use Lemma 5.3 of [11] and (100) to get

(2o (131 [2)”
[3] s )"

If 1 < ¢ < oo, we denote &; = (%)(Nl/ e LIV and et (aj)][i/fﬂ be independent, also
of €;;, symmetric Bernoulli random varlables. Then, using the equivalence of moments for

Rademacher series and Khintchine’s inequality (see [13], Theorem 4.7 and Lemma 4.1) we get
from (100) and (102),

(™, D, L)

v

v

ene (SN ), L)

1 [L/4] 1 [L/4]

= 16L Z € ~ 16L Z jE;
=1 LI/ LN/l

1 [L/4] [L/4] q 1/q

= ]_G_L]E (E)E( ) Z Oéjg_j > z Z Oéj€j )
j=1 L£N1/41 L£N1/4T
4 -1 [N1/4] [L/4] a\ 1/a 1/2 ~1/2

c N c | L n
— ZmGe( [ (a) Bl B -1/2 -
-k ([4 > Za> ZLM > el ZC[NJ |

This proves (92).
To show the second lower bound, (93), we use the same set of blocks D; (j =1,...,L) as
defined in (96) and the same L given by (99), put

1 1 _ . .
T R B

otherwise,
and let ;(® be the unifrom distribution on the set
{Oﬂﬂij D= 1,...,N1,j: 1,...,L, Oé::iil} C BLZJDVl,NQ.

Recall that by (100), LN; > 4n, so from Lemma 2.7(ii) and relations (97) and (100) we conclude

1 1 _ _(1— _
eng(SN17N2’M(2)’ LéVl) > §HSNI7N2wl,1HLéV1 — §N11/p 1/QN2 (1 1/p)‘Dj|1 1/p
1 1 1 1 1 —(1-1/p)
> —N1/p_ /Q(ZL) (1-1/p) > cN| /p=1/q | Tt :
2 Nl

thus (93).

For the proof of the remaining inequalities (94) and (95) we can assume n > Nj, because
for n < N; the already shown relation (92) implies (94), while (93) together with (17) gives
(95). We set

4dn
L=4 1 103
[M% : (103)
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hence by (98)
To prove (94), we apply Corollary 2.4, where we put

M=N, F=LZ S=5" G=K=K A={§:1<j<N,} (104)
with §;(g) = g(j). Then obviously (18) is satisfied and

N1
F=][L> =1y G=L)M §=5"", (105)
i=1

Again we use the blocks D; (j =1,..., L) given by (96) and define ¢; € B, ~, by

1/ _ .
T A
0 otherwise.
Let y; be the uniform distribution on {at; : 1 < j < L, @ = +1}. The measure u® = T
compare (27), has its support in B, ~,.v, and we derive from Corollary 2.4
P
(S Y L) 2 271 VRS (6% o ). (107)
N

By Lemma 2.7(ii), (97), and (103)

i ~(1-1/p)
ave N2 1 No 1/p—1 1-1/p 1/p—1 Ny n P
6[47@(8 1, K) Z§|S P1| = Ny |Dj| > N, NN >c N )
" 2 [—’ﬂ 1

N1
which together with (107) gives (94).
Finally, we turn to (95), where we use Corollary 2.6 with the same choice (104). Conse-
quently, (18), (105), and (106) hold. We set

vy =N"xp, €LY (j=1,...,L), (108)
with D; given by (96) and L by (103). Let (;)}-, be independent symmetric Bernoulli random
variables, let u; be the distribution of Zle g0, and fiy =0 (i = 1,...,N1). Denote the

resulting from (40) measure by u*). Observe that by (108) ™ is supported by B, x;.v;. Now
(43) and (17) yield

1 - —non 1 - av,
eeron (SN 0, L) > SN IERe (SN, 1K) 2 o Ny eE L (5™, K). - (109)

%] 2 %]
By Lemma 2.7(i), (97), (103), (108), and Khintchine’s inequality

2n
I C{l,..., L} | I|>L—2|—
C Qb iz -2 |3}

e?‘zW (S™, p1, K) > %min {E ) ZEiSNQwi

N iel
n —1/2
> cLV?|SN| > eN{PLTV? > NP [VW .

1

Inserting this into (109) finally yields (95).
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Theorem 4.5. Let 1 < p,q < oo and put p = min(p,2). Then there exists constants 0 < co < 1,
c1,...,c6 >0, such that for n, Ny, Ny € N with n < ¢gN1N5 the following hold:
If p <2 o0rp>q, then

(1/ 71/ ) n _(1_1/ﬁ) n 617,005%00/2
0 L oo, [ 2])

ran / QN1,V: N- ran—non [ QN1,N: N
e (s 2,BLéV1,N27Lq1)§€n (S Z;BL]JDVLNQ,qu)

1 1 n _(1_1/]5) n (Spyoo(sq,OO/Q
< NPT [Vj (min (log(N1 +1), {ﬁj )) . (110)

IN

If 2 < p <q, then

Vp-1/q [ 1 —(1-1/p) n 1 Y2 50 /2
63]\71 p—1/4 ’VE—‘ + c3 ’VE—‘ (log(Nl + 1)) 4,00

< GZaH(SNl’N27BLN1,N27LéVl)
P

—(1-1/p) —1/2
< eyN}PYa i + - (111)
C C
- 4 N1 lOg(N1+N2) 4 N1 10g(N1+N2)

and

~1/2 ~1/2
C5N11/p_1/q ’V%—‘ < e;an—non(sNth’ BLi,Vl‘NQ’Ll]JVI) < CGNll/p—l/q ’V]\%-‘ . (112)
Proof. First we mention that for all lower bounds we use the relation between average case and
randomized setting, Lemma 2.2, without further notice.

For 1 < n < Nj the upper bounds follow from (57), the lower bounds from (93) and (94) of
Proposition 4.4.

In the sequel we assume n > N;. The upper bounds in (110) and (112) are a consequence of
Proposition 4.2, since the involved algorithm is non-adaptive. If n < 6N [¢(1) log(Ny + N2)],
where ¢(1) stands for the constant ¢; from Proposition 4.3, the upper bound of (111) follows

from (57). Now assume
n > 6Ny [¢(1)log(Ny + No)] . (113)

We set

m = [c(1)log(N1 + Na)|, n= {6 [e(1)log(Ny + N2)-|J 7

and use Proposition 4.3 with 7 instead of n. Hence by (69)

card (A2 ) < 6mn < n.

0,1, W

and therefore
o 7 1 -0-1/p) R
szan(SNl’NQaBL;VIvN%Ltj]VI) S & Nl/p_ /q ’7_—‘ + ’7_—‘ : (114)

Furthermore, using (113), we obtain

n n

[ﬁj Z 12N, Te(1) Tog(My + Na)] = 1283 (e(1) & 1) Tog(N; + NVy) (115)
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and

1
{ n -‘ n + Nylog(Ny + Ny) < n (1 + 60(1))
Ny log(Ny + Ny) Nilog(Ny + Nz) = Nilog(Ny + Ny)

which together with (115) yields

[H ” 12<c<1>+1>1(1+#m) [Nl 1og(Zl+N2)] (116)

Combining (114) and (116) completes the proof of the upper bound in (111).

Now we prove the lower bounds in (110)—(112). First assume p < 2. Then the lower bound
of (110) is a consequence of (93) and (94) of Proposition 4.4. Next let p > 2 and p > ¢. In this
case the lower bound in (110) follows from (92). Now consider the case 2 < p < ¢q. Here the
lower bound of (112) is a consequence of (95). Finally, (92) and (93) imply

ran/ g¢N1,No N1
€, (S ,BLIJDVl,NQ,Lq )

" —(171/27 -1/2 n 1\ deee/2
> C(Z)Nll/p_l/q [E—‘ [F—‘ min <log Ny +1), ’VNl—D , (117)

which in the case ¢ < 0o and in the case (¢ = o00) A ([n/Ny| > log(N; + 1)) is just the lower
bound in (111). Now assume g = oo and [n/N;| < log(N; + 1). Then

—(1-1/p) -1/2
1/p| 1 1/p —(1/2-1/p) |
Ny N > N;""(log(Ny + 1)) P N

> 0(3)[7gzw_iﬂzﬂog(ﬁﬁ+-1)f/z

This combined with (117) gives

. n —(1-1/p)
eian(SNl’Nz,BLNl,NQ,Lﬁl) > C(Q)Nl/p ’VF-‘
P 1
¢2) [ n ] @)@ [n ]
> NP — log(N, + 1))'/2

thus the lower bound of (111) also for that case.
[

Let us have a look at the widest resulting gap between non-adaptive and adaptive random-
ized minimal errors in the region Ny < n < ¢(0)N1 Ny, with 0 < ¢(0) < 1 standing for the
constant ¢o from Theorem 4.5. Consider for 2 <p < ¢, n € N

e};zanfnon(le,NQ’ BL;VLNQ , L(]]Vl)

v(p.q,n) = max N
N1 NQ N1<TL<C(O)N1N2 ezan(SNh]\b’ BLévl’N2’ Lq 1)

Corollary 4.6. Let 2 < p < q < oo. Then there are constants c1,co > 0 such that for alln € N

(3-3)(3-4) (3-3)(3-%)

i (log(n+1)"0"VP) < y(p,g,n) <con 1. (118)
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Proof. 1t is convenient to estimate

€2an(SN1’N2, BLi)Vl’NQ 7 LéVl)

1
1min N
N1,Na: N1<n<c(0)N1 N2 ezan_non(SNl’N% BLNl,NQ , Ly 1)
P

v(p,q,m) =

It follows from (111) and (112) of Theorem 4.5 that there are constants ¢, co > 0 such that

) n \ 1/p—1/2 1/g—1/ _
o NP < !
c1 Nlrznjélngn max (<N1> , IVq S 7(197 q, n)

1/p—1/2
< 9 min <(<N£> ? _|_N11/q_1/p> (log(N1 —f-Ng))l_l/p) (119)
1

Ni1,Na: N1 STL<C(O)N1N2

(for simplicity we omitted some log factors). With x, satisfying

1/p—1/2 3
(ﬁ) _ g, (120)
Lo
we have
To=n2a, zo€ (1, n]. (121)
" n\ 1/p=1/2 _G-3)G-3)
min max ((—) ’xl/q—l/p> — xé/qfl/p —n 1-1
x

z€[1,n]

This together with the lower bound in (119) implies

REENEE)

cn

and hence the upper bound in (118).
Next we set

implying

n n 2n 2n
N, < < Ny <2 < <Ny < — < —
1= 0= Zo; c(0)Ny — ¢(0)xqg 2 c(0)zg ~— ¢(0)’

so the requirement Ny < n < ¢(0)N; Ny is fulfilled and the upper bound of (119) together with
(120) and (121) gives

M-/
_ 1/g-1
v(p,q,n)™t < ((2—%) + 2y /p> (log(2xq + 2¢(0)~'n)* /7
(3 é(? i)
< cn 277 (log(n +1))'-V7,

which yields the lower bound of (118).
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Consider the exponent of the gap between non-adaption and adaption, for which we have

1 1 1
I R
27 % 4(l_l> q

with equality everywhere iff p = 4, ¢ = oo. With this choice the following holds. For any
c1, ¢y with ¢(0)/2 < ¢; < ¢y a gap of order n'/® (up to log’s) is reached for Ni(n), No(n) €

[e1n

1/2

,en'?] (n e Nyn > c3).
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