Stochastic Approximation of Functions
and Applications

Stefan Heinrich

Abstract We survey recent results on the approximation of functions from
Sobolev spaces by stochastic linear algorithms based on function values. The
error is measured in various Sobolev norms, including positive and negative
degree of smoothness. We also prove some new, related results concerning in-
tegration over Lipschitz domains, integration with variable weights, and study
tractability of generalized versions of indefinite integration and discrepancy.

1 Introduction and preliminaries

In this paper we survey and discuss recent results from [5, 6, 7, 8] and prede-
cessors thereof, from a unifying point of view of approximation of functions
by linear algorithms based on function values. The functions belong to a cer-
tain Sobolev space and the error is measured in the norm of another Sobolev
space. The emphasis lies on stochastic approximation, but we also include
the deterministic counterparts. We discuss upper and lower bounds, hence
the complexity of approximation, and compare the deterministic and ran-
domized setting. The algorithms that reach the optimal rates are explained
in detail.

The paper also contains a number of new results which are related to the
known ones surveyed here. This includes the optimal order of the error of ran-
domized integration of functions from Sobolev classes over general bounded
Lipschitz domains, weighted integration with variable weights from Sobolev
classes, approximation in certain spaces of functions with dominating mixed
derivatives, and a result on the dimension-dependence (tractability) of gen-
eralized versions of indefinite integration and discrepancy.
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Let d € N:={1,2,...}, Ng := NU {0}, let K stand for the field of reals
R or complex numbers C. We always consider K-valued functions and linear
spaces over K, with K being the same for all the spaces involved. For a Banach
space X the unit ball {z € X : ||z|| < 1} is denoted by Bx and the dual
space by X*. Given another Banach space Y, the space of bounded linear
operators from X to Y is denoted by Z(X,Y). Throughout the paper log
means log,. Furthermore, we often use the same symbol ¢, ¢y, ... for possibly
different positive constants, also when they appear in a sequence of relations.

Let (G, G, 1) be a measure space. For 1 < p < oo, let L, (G, ) be the space
of K-valued p-integrable functions, equipped with the usual norm

s = ( [ If(af)l”du(a?)>1/p

if p < 00, and
[ flLoc(G ) = esssup,eqlf(2)]-

Let Q C R? be a bounded Lipschitz domain, i.e., for d = 1 a finite union of
bounded open intervals with disjoint closure, and for d > 2 a bounded open
set with locally Lipschitz boundary. If 4 is the Lebesgue measure on @, we

write L,(Q) instead of L,(Q,u). Let C(Q) denote the space of continuous

functions on the closure @ of @, equipped with the supremum norm. For
r € Ng and 1 < p < oo we introduce the Sobolev space

W;(Q) = {f S LP(Q) : Daf € LP(Q)7 |04| < T},

where a = (a1,...,0q) € N&, |af := Z?:l aj, and D f is the generalized
partial derivative. The norm on W (Q) is defined as

1/p

||f||W;(Q) = Z ”Daf”ZL)p(Q)

la|<r

if p < 00, and
I fllwr (@) = max D% fll Lo @)-

Observe that for r = 0, W(Q) is just L,(Q).

For basic notions concerning the randomized setting of information-based
complexity — the framework we use here — we refer to [14, 20, 4]. The partic-
ular notation applied here can be found in [6].

First we consider deterministic algorithms. Let G be a nonempty set, let
F(G) denote the linear space of all K-valued functions on G and let Y be
a Banach space. Given a nonempty subset F' C F(G), the class of linear
deterministic algorithms A%°(F,Y') consists of all linear operators from F(G)
to Y of the form
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Af =" [
=1

with z; € G and ¢; € Y. Let S : F — Y be any mapping. The error of
A€ ALY (FY) as an approximation of S is defined as

e(S,A,FY) =sup ||Sf — Af|ly
feF

and the deterministic n-th minimal error as

edY(S FY)= inf  e(S,AFY).
ACAdet(F)Y)

Hence, no deterministic linear algorithm that uses at most n function values
can provide a smaller error than ed¢*(S, F,Y). The quantities el**(S, F,Y)
were also called linear sampling numbers [15].

Next we introduce linear randomized sampling algorithms. This is a little
more technical since we want these algorithms to act also on spaces of equiv-
alence classes of functions, where function values itself may not be defined.
Here we let, in addition to the above, G be a og-algebra of subsets of G,
a nonnegative, o-additive, o-finite measure on (G,G) with u(G) > 0. Let
F C Lo(G, p) be a nonempty subset, where Lo(G, 1) is the linear space of
equivalence classes of G-measurable functions on G, with the usual equiva-
lence of being equal except on a set of y-measure zero.

For n € N we consider the following class of randomized linear algorithms
from F' to Y. An element

Ae AP(F)Y)

is a tuple
A= ((Qv EaP)a (Aw)w€(2)7

where (£2, X, P) is a probability space,
AUJ € Ardlet(]:(G)v Y) (w € Q)v

thus

n

Awf - Z f(xlw)l/)lw (W S Q)v

i=1
and the following two properties hold:
1. (Consistency) If fy and f; are representatives of the same class f € F,
then
Aufo=Auf1 (P — almost surely). (1)
2. (Measurability) For each f € F' and each representative fy of f, the map-
ping
weNR— A,foeY is X-to-Borel measurable (2)
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and essentially separably valued, i.e., there is a separable subspace Yy C Y
such that
Aufo €Yy (P — almost surely). (3)

Let again S : ' — Y be any mapping. The error of an algorithm A &
A2 (FY') as an approximation to S on F is defined as

e(S,A,F,Y)=sup E||Sf —Auf|y -
fer

The randomized n-th minimal error of S is defined as

GUSEY) = | nf (S AFY),
Ae A (FY)

It follows that no randomized linear algorithm that uses at most n function
values can have a smaller error than e*"(S, F,Y). Note that the definition
involves the first moment. This way lower bounds have the strongest form,
because respective bounds for higher moments follow by Hélder’s inequality.
Upper bounds for concrete algorithms are stated in a form which includes
possible estimates of higher moments.

We need some notions and facts from probability theory in Banach spaces.
Let 1 <p < 2. An operator T € Z(X,Y) is said to be of type p if there is a
constant ¢ > 0 such that for all n € N and all sequences (¢;)7_; C X,

E H i EiTgi
i=1

where (g;) is a sequence of independent random variables on some probability
space (2, X, P) with P{e; = 1} = P{e; = —1} = 1/2. The type p constant
7p(T') of the operator T is defined to be the smallest ¢ > 0 such that (4)
holds. We put 7,(T") = oo if T is not of type p. Each operator is of type 1.
A Banach space X is of type p iff the identity operator of X is of type p.
We write 7,(X) for the type p constant of the identity operator of X. For
1 < p < oo the spaces £ are uniformly of type min(p, 2), meaning that there
is a constant c(p) > 0 such that for all n € N we have Tiyin(p,2)(£}) < ¢(p). For
p = oo there is a constant ¢(co) > 0 such that 75 (£2) < ¢(o0)(logn + 1)'/2
for all n € N. We refer to [12], ch. 9 for definitions and basic facts on the type
of Banach spaces, from which the operator analogues easily follow.

We will use the following result, see [8], Lemma 3.2. (the Banach space
case of which with p; = p is contained in Proposition 9.11 of [12]).

P n
<& llgill?, (4)
i=1

Lemma 1. Let 1 < p < 2, p < p; < oo. Then there is a constant ¢ =
c(p,p1) > 0 such that for all Banach spaces X, Y, each operator T € £ (X,Y)
of type p, each n € N and each sequence of independent, mean zero X -valued
random variables (n;)i_, with E ||n;||P* < oo (1 <i < n) the following holds:
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n P e " p/p Y
(]EHZTm 1) SCTP(T)<Z(E|77i||p1) 1)
i=1

2 Approximation of the embedding
J:W3(Q) — W:(Q) with s > 0

In this section we consider approximation of the embedding J : W (Q) —
W7 (Q). By the Sobolev embedding theorem, [1], Th. 5.4, J is continuous if

r—s 1 1
1§q<OO and a Z(;_E)+
or
_ - 1
q = 00, 1 <p<oo, and Td5>; (5)
or
q = o0, p € {l,00}, and 5> %.

We shall study edet(J, Bw; (@), Wy (Q)) and e (J, Bwr(q), Wy (Q)), so we
want to approximate functions from W (Q) in the norm of Wg(Q) by de-
terministic or randomized linear sampling algorithms based on n function
values.

We also need the so-called embedding condition, ensuring that W (Q)

is continuously embedded into C(Q) (meaning that each equivalence class
contains a continuous representative). This holds if and only if

p=1 and r/d>1
or (6)
l<p<oo and r/d>1/p,

see [1], Ch. 5. In these cases function values at points of @) are well-defined
and deterministic algorithms as introduced in section 1 make sense.

In its full generality, the following was shown in [6], Theorem 3.1 and
Theorem 4.2.

Theorem 1. Let r,s € Ny, 1 < p,qg < o0, let Q be a bounded Lipschitz
domain and assume that (5) is satisfied. Then there are constants ¢1_¢ > 0
such that for all n € N the following holds. In the deterministic setting, if the
embedding condition (6) is fulfilled, then

Cln_T;SJF(%_é)+ < e (J, Bw:r (), Wg(Q)) < C2n_$+(% %)ﬂ

and if the embedding condition is not fulfilled, then
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Cc3 < egCt(Jy BWTT(Q) N C(Q)v WqS(Q)) <.

In the randomized setting we have

—r7t

S I
Q=

o & < (4, By @) Wq(Q)) < CGnJ‘;SJr(%*%)ﬂ

independently of the embedding condition.

To explain the occurring exponent in a few words: we can consider n~("—)/d
as a 'reward’ for decay in smoothness by going from W (Q) to W (Q), while

n'/P=1/4 ig the ’price’ we have to pay for the improvement of summability
from p to q if p < q.

In various particular aspects and special cases Theorem 1 has many au-

thors.

1.

Deterministic setting, the embedding condition (6) holds:

For simple domains as @ = (0,1)? and s = 0, the bounds are classical
approximation theory. For Q = (0,1)% and s > 0, see Vybiral [22]. The
general case of Lipschitz domains for s = 0 is due to Novak and Triebel
[15]. The case of Lipschitz domains for s > 0 was obtained in [6], solving
Problem 18 posed by Novak and WozZniakowski in [16].

Deterministic setting, the embedding condition (6) does not hold:

This means, function values are not well-defined, so, formally, determinis-
tic algorithms make no sense. However, we may just slightly restrict the

class by considering BW;T(Q) N C(Q) to make function values well-defined.

Note that by considering By () N C(Q) we do not impose a C(¢)) norm
restriction, we only demand that the function is continuous, but it can
have an arbitrary large C(Q) norm. Such functions are dense in Bwr(q)
in the norm of W (Q) (see [1], Theorem 3.18).

Although function values are now well-defined, the result above shows
that no deterministic algorithm can have an error converging to zero. This
result was already proved in [5] for the cube.

Randomized setting, the embedding condition (6) holds:

The upper bound follows from the deterministic setting. The lower bound
was shown by Wasilkowski in [23] (p = ¢ = o0), Novak [14] (1 < p <
00, ¢ = ), and Mathé [13] (1 < p,q < o). It follows that in the case of
the embedding condition deterministic and stochastic algorithms have the
same optimal rate, that is, randomization does not provide a speedup.
Randomized setting, the embedding condition (6) does not hold:

This was shown in [6]. Comparing deterministic and randomized setting
we see that in this case randomization can give a speedup of up to n=? for
any 3 with 0 < § < 1. Indeed, for p = ¢ = 1, s = 0, the maximal exponent
of the speedup is r/d, which can be arbitrarily close to 1.

Let us describe the algorithm behind Theorem 1, following essentially the

exposition in [6]. Fix parameters p € Ng, p > r—1,and 0 < 6 < 1, let P,
denote the space of polynomials on R? of degree not exceeding p, and let
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P: F(RY) — F(RY) be the d-fold tensor product of Lagrange interpolation
on [0,1 — 4] of degree p, hence

Pf=>" fly)v,
j=1

with (y;)5-; € [0,1 — §]¢ and (j)5-1 the respective Lagrange polynomials.
We have
Pg=g (9€P,). (7)

Let £ = {(w) (w € £2) be a uniformly distributed on [0, 1]¢ random variable
on a complete probability space (£2,X,P). For w € {2 define the operator
P, : F([0,1]%) — F(RY) by setting for f € F(]0,1]9)

(Pof) (z) = Z Flys +06(w) vj(x = 86(w))  (z €RY). (8)

Note that if 6 = 0, then P, is deterministic, i.e., does not depend on w. It
follows from (7) that

Pog=9  (9€Ppwe) (9)
We include @ into any axis-parallel cube Q,
QCQ=uo+[0,0]",
and partition Q into closed subcubes of sidelength b2~ and of disjoint interior
gl
Q=Jau
i=1
For | € Ny we define the scaling operators Ej;, Ry; : F(R?) — F(R?) for
f € F(R?) and 2 € R? by
(Euf)(x) = f(xu +b2"'2)

and

(Ruf)(z) = fb 2 (2 — zu)),
where z;; denote the point in );; with minimal coordinates. Note that Ej;
scales functions with support in @Qy; to functions with support in [0, 1], and

Ry; is the inverse of Ej;.
Define

T ={i:1<i<2¥ QucCQ}l,
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the set if indices of cubes completely contained in @, and

Ki={k:1<k<2¥ QunQ+#0},

the set of indices of cubes intersecting ). So we have

U QucCQcC U Quk- (10)

1€Z; ke,

Let B(z, p) denote the closed and B°(x, p) the open Euclidean ball of radius
p around x € R?. Based on the geometry of the Lipschitz property of @ the
following was shown in [7], Lemma 3.1, see also [6], Lemma 3.2.

Lemma 2. There are constants a > bvd and lo € Ny such that for all I > I
U Que C U (215,027
ke, 1€Z;

Using this lemma one can construct a suitable partition of unity on Q. Let
o € Nyg, 0 > s, and denote the space of functions possessing continuous,
bounded partial derivatives up to order o on R? by C7(R%). Let n € C7(R?)
be such that supp () € B°(0,2a/b), n > 0, and n > 0 on B(0,a/b). We can
choose 7 to be a polynomial on some ball around 0, for example

d o+1
2 : 3a
n(z) = <4b2 sz) i ol < %

0 otherwise.

By Lemma 2, there exists a constant ¢ > 0 such that for [ > [
Y Ryn(x)>c  (v€Q).
JjeL

Define the functions ny; (i € Z;, I > lp) on Q by

Riin(x)

i) = S @)

(z € @)

These functions satisfy
mi(x) =0 (z€Q\ Blay,a2”"*))

and

domix) =1 (z€Q).

i€y

Now we define for [ > [y and w € (2 the operator PZ(E)) :F(Q)—C%(Q) b
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0
Ff =Y m(RuPoBulle  (f € F(Q):

i€y
Setting for [ > 1y, i € Z;, 1 < j<k,and w € (2

Yiijo = i + 527! (y; + 0E(w)) (11)
and

Yiijo () = (0712 (x — @) — 6¢(w)), (12)

we can finally write PZ(E)) f as

Pff}f = Z Z F(Yije )M Wtije -

i€l j=1

This completes the description of the algorithm leading to the upper bound
in Theorem 1.

The algorithm above uses the partition of unity for smoothing the local
approximations. In the case s = 0 the target space is Ly(Q) and we do not
need smoothing. In view of the application to integration given in the next
section, we want to discuss this case in more detail and introduce a simpler
algorithm. Using Lemma 2, we choose for [ > [y any partition

K= Ki (13)

i€l
with
1€ Ky (z € Il), (14)
Que € Blw,a27") (k€ Kyy), (15)
ICh-ﬂIClj =0 (Z',jEZl,i#j). (16)

In other words, each cube @ which intersects @) is associated with some
cube @y; which is not far from @ and lies completely inside . The union
of all cubes associated with @Q;; is denoted by

Qui = U Qi (17)

ke

Now we proceed as follows. We apply approximating operators locally to
the Qp; with ¢ € Z; and use the result (which is a polynomial defined on all
of R?) for all the associated cubes Qi with k € Ky;, that is, for the region

Qui- For 1 > Iy and w € 2 we define Pl(i) : F(Q) — Ly(Q) by

PLUF="XounoRuPuBuf  (f € F(Q), (18)
i€,
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which we can write as

Pl(#lu)f = Z Z f(ylijw)XQ”melijwa (19)

i€T; j=1

with the ;5. and ;5. given by (11) and (12). Consistency (1) of (Pl(i))weg
is readily checked. As to measurability, note that we can represent

Prijo () = ¥ (b2 (@ — z3) — 6¢(w))
M
=Y ajm(08(w))pm (b2 (z — a17)) (20)

with suitable M € N and polynomials ajm, ¢m (1 < j <k, 1 <m < M),
from which (2) and (3) directly follow. So we have

1)

(B2

e € APNWI(Q), Ly(Q) with my = R|Ty]. (21)

The following result generalizes Proposition 1 of [5] by combining the ap-
proach of Proposition 3.3 in [6] with that of Lemma 3.2 in [7]. It will be used
for variance reduction in Section 3.

Proposition 1. Let d € N, r € Ny, 1 < p,q < o0, let Q be a bounded

Lipschitz domain, and assume that (5) is satisfied with s = 0. Let (Pl(alu))wd?

for 1> 1y be given by (19), with parameters p € No, p >r—1 and 0 <5<
Moreover, if the embedding condition (6) does not hold, we assume § > 0.
Then there is a constant ¢ > 0 such that for all 1 > lo and f € W (Q) the
following hold.

If ¢ < 0o, then

1 —rl4+max —
EIf = PO )0 < c2 rHmatot/aOd p o (22)
and if ¢ = oo, then
esssup,eollf = P fllo@) < 277 flws ) (23)
Proof. We put B = B°(0,2a/b). By assumption, (5) holds for s = 0, so we

have
[l ) < cllfllwym)  (f € Wi(B)). (24)

Assume ¢ < oo. First we show that for f € W (B)

1/q
(BN, 5) " < el Flwym)- (25)

Indeed, by (8) we have
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(E1A1, )

g\ 1/
<|E (_Z | + SE@III5 (- = 65(w>>||Lq<B>>
< ey (BIf(y; +66w)))M. (26)

Jj=1

If 6 > 0, it follows from (24) that

K K 1/q
> (EIf(y; + 0wV =3 (6‘d /[0 7R z)|qdz>

j=1 j=1
< dlfllz,m) < clfllwrm),
which together with (26) gives (25). If § = 0, which, by assumption, is only
admitted if the embedding condition (6) holds, we have

K

D EIf(y; + @D =D Fw)l < sl flem < el flwys),

Jj=1 Jj=1

which combined with (26) again implies (25). Using Theorem 3.1.1 of [2], it
follows that there is a constant ¢ > 0 such that for all f € W (B)

i - T <
glengp ILf gHWP(B) < c|flrp,B; (27)
where
1/p
|f|r,p,B = Z ||Daf||zzp(3)
|| =7
if p < 0o and

|f|r,oo,B = ‘Tillaii ”Daf”Loo(B)-

We get from (9), (24), (25), and (27)

1/
BN = Pl )" = ot (NS =)= Pl =9l )

< ¢ inf - (B < rp.B- 2
< inf [f = glwye < clflens (28)
Now let f € W) (Q) and let fe Wy (R%) be an extension of f with

|\f||w;(Rd) < fllwr
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(see [19]). Then (10), (13), (16), and (17) imply

E[f = PLFIL, )"

1/q
<IEHZ X600 — RiiP. Enf)‘ (Q)>
i€y Lq

1/q
<ZIE||f RuP,Euf|] QMQ)> : (29)

i€y

Furthermore, from (15) and (28),

1/q
(]E If = RuPuEuf)] o(@1iNQ) )
) . 1/q
< (E Hf — RliPwElifHLq(B(zM,aQ*l)))
~ < 1/
— bd/q2*dl/q (]E ||El'Lf - Pu_)ElZfH%q(B)) '
< c2_dl/q|Elif|np7B' )

Using Holder’s inequality, we get for p < oo

1/q
<2_dl Z |Elif|g,p,3>

i€y

1/p
< ¢ omax(1/p=1/q,0)dl <2—dl > |Ezif|f,p,3>

i€y

1/p
—rl4+max(1/p—1/q,0)dl r
<c?2 (1/p=1/4,0) <§ : |f|£,p,B(w1i7021)>

i€y

<ec 27Tl+max(1/p71/q70)dl|JF|T DRA

< C27rl+max(1/p71/q,0)dl”f”W;(Q). (31)

The case p = oo follows in the same way with the respective changes. Joining
(29-31) proves (22). For ¢ = oo, relation (23) follows analogously, with the

usual modifications, replacing everywhere (E|| - Hq)l/q by esssup,,cpnl - || ete.
O



Stochastic Approximation of Functions and Applications 13

3 Integration over Lipschitz domains

Let @ be a bounded Lipschitz domain as in the previous section and let
I: W} (Q) — K be the integration operator

If:/Qf(:v)d:v.

Theorem 2. Let r € Ny, d € N, 1 < p < 0o, p = min(p,2). Then there exist
constants c1—¢ > 0 such that in the deterministic setting, if the embedding
condition (6) holds, then

cin T/ < edet(r, Bw:r(q),K) < con "4,
and if the embedding condition does not hold, then
3 < ep(I, Bwr @) N C(Q),K) < ca.
In the randomized setting we have, independently of the embedding condition,
g~/ A=1HP < gran (. BW;(Q),K) < cgn /41D,

In the deterministic case with the embedding condition the upper bound is
a direct consequence of [15], see also [21], Theorem 5.4. It also follows from
Proposition 1 by integrating the deterministic approximation for 6 = 0 (see
(32) and (33) below, where this appears as part of the variance reduction).
The lower bound for general Lipschitz domains is easily derived from that for
the cube, which is well-known, see [14]. The lower bound in the deterministic
case without the embedding condition follows from the proof of Theorem 5.2
in [7] (the upper bound is trivial, it is just the boundedness of T).

Let us turn to the randomized case. For the cube, this result is due to
Novak for those r,d,p for which W] (Q) is embedded into L2(Q) (meaning
that p >2or (p <2Ar/d>1/p—1/2)), see [14], 2.2.9. The remaining cases
were settled for the cube in [5]. As in the deterministic case, the lower bound
for general Lipschitz domains follows from the known one for the cube, see
[14] and [4]. The extension of the upper bound to general Lipschitz domains
is new and we give a proof here.

We start by introducing a randomized algorithm. Similar to [5], we use an
approximation for variance reduction by separation of the main part, which
we combine here with stratified sampling. We use Pl(i)l for [ > Iy, see relations
(11), (12), and (19) for its definition, with Iy the constant from Lemma 2.
For the purpose of the present proof we have changed the notation of the
underlying probability space to (£21,31,P1). Again we assume ¢ > 0 if the
embedding condition (6) does not hold. For f € F(Q) we have
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IPl(le)1 f Z Z f Ylijw, / 1/}liju.)1 (I)dI

ZGIL J 1 'LOQ
= Z Z Qlijwy f(ylijwl) (32)
i€Z; j=1

with
i = [ i @de= 3 [ v @)de. (@9
QuiNQ keky; Y QueN@

Observe that for § > 0, this is a stochastic quadrature, with the only element
of randomness being £, while for § = 0 it is deterministic (compare (11) and

(12)).
Now let (; = (i(w2) (k € K;) be independent, uniformly distributed on
Qi random variables over a complete probability space (22, X2, P2). Define

a stratified sampling algorithm Al(iL by setting for g € F(Q) and wy € (2

AP 9= 10127 3" X (Ge(w2)g (Ce(wn)),
ke,

where we recall that |Qx| = 69279 Tt follows readily that (1-3) hold, so

(A(2)

l)wz)wzeQQEAE?(LP(Q),K) with  my = |K].

Moreover, for g € L1(Q)

(2
E A, LZQg_ Z/ XQune(@)g(@)dr = / g(z)dw.
= Q
First we show an error estimate for A . The case p < 2 seems to be new.

Moreover, in the case p > 2 we estlmate higher moments than the usual
second moment.

Lemma 3. Let 1 < p < o0, p1 <p, p1 < co. Then there is a constant ¢ > 0
such that for 1 > 1y and g € L,(Q)

/p1 _
(wzlfg AP 9|’”) <21, )

Proof. We can assume p < p1, the other cases follow from Holder’s inequality.
Setting for k € K;

ek = bd2_leQLkﬂQ (Ck)g(Ck)u

we have

Al(?ﬁzg —1lg= Z (0r —E0). (34)
ke,
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From Lemma 1, taking into account that K is of type 2, hence also of type
p, we get

» 1/p1
1
(E‘Z(ek—mk) )
ke,
p/p Y
1
SC(Z (E|9k—E9k|pl) )

ke,

1/p1
< C|K:l|1/17*1/201 < Z E |9k _ E9k|201> . (35)

kEK,

Furthermore,

(E |6 — E 0[P /P < 2(E |6)]P1) /P
1/p1
= 2(pd2—d)1-1/m (/ |g(:v)|p1dx) . (36)
QirNQ

Combining (34-36) and using p; < p, we obtain

1/?1
2
(E 1A g - Igv“)

1/p1
< c|fGy[ VP (pram e (/ Ig(x)l’“d:c>
Q

< 277D gl ).

Now we put
(QJ Za]PJ) = (0172171@1) X (027227]P)2)

and define the final algorithm (4; . )weq for w = (w1,w2) and f € F(Q) by
setting

1 2 1
Avof = TP F+ A, (F = P, (37)
thus, we separated the main part Péi}l f, integrated it exactly and applied

. . . . (1) . -
stratified sampling to the remaining function f—F;  f. Writing this in more
detail, we obtain
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Aof = Z Z ijur [ (Ytijer)

et
+w2ﬂQQXQM@@w(ﬂ@rwaﬁjxg0.
We have
EUNGW = T3 Fltn s ramne()bin (G)

11€1 k1€ j=1

= FWiutrson) X@un@ (Cr) rugi)jus (Ck)

J=1

for almost all wy € §21, where (k) is the unique i € Z; with k € K;;. Conse-
quently,

INED D I

€L keKy;

> Fwiijen) / Vlijun (€)da

=1 QueNQ

+0%27 1,00 (G) (f(Ck) = P Wigen ) Prijen (Ck))) ;

Jj=1

with the y,, and ¥y, given by (11) and (12) and equality holding P-
almost surely. We have

(A1w) yery € AW (Q),K)  with  ny = &|T)| + K| < 2%, (38)

which can be checked in a similar way as (21), using (20).

Proposition 2. Let 1 < p < o0, p1 < p, p1 < 0. Then there is a constant
¢ > 0 such that for 1 > 1y and f € W,(Q)

(ELf — Ay fIP)YP < =10 £y .
Proof. We have
If = Auuf = 1(f = P 1) = A, (f = UL ).

Using Fubini’s theorem, Lemma 3, and Proposition 1 for ¢ = p, we get for
p < o0



Stochastic Approximation of Functions and Applications 17
ElI[f— A p1y1/p1
(E|Lf = A fI™)

= (BB |1 (5B 1) a2, (1P 5)

P1 1/p1
L (Q))

1/p
< o~ (1=1/p)dl ( Hf _ lmeL (Q)) (39)

< 027(171/;0 dlirl”f”W;(Q)

l,u.)l

< 2~ (1-1/p)dl (Ewl Hf _p®

1/p
“"lfHL (Q))

a

This also holds for p = oo, if we replace in (39) (IE wr

by esssup,, ¢, | f — Pz(i)lfHL ), concluding the proof.

Now the upper bound in the randomized case of Theorem 2 is a direct
consequence of Proposition 2 and (38).

4 Approximation of embeddings into spaces with
negative degree of smoothness

Let r,s € No, 1 < p,q < oo. Let ¢* be the dual index to ¢, given by 1/q+
1/q* = 1. Denote by W.(Q) the closure in the norm of W. (Q) of the set of

C*° functions whose support is contained in @ and let U : qu (Q) — Wi (Q)
be the identical embedding. We consider two embedding operators

J:W(Q) — Wi (Q)

given for f € W) (Q) by

9) = /Q f@)g(@)de (g€ W (Q))

and
T * T J s « U" 1irs *
J=U"T: WJ(Q) = Wi (Q) — Wi (Q)". (40)
We note that by definition, see [1], section 3.11, for 1 < ¢ < oo and s > 0
Wi (Q)F =W, *(Q). (41)

Let us formulate conditions, under which J (and hence J ) is well-defined and
continuous. First let us state two auxiliary conditions.

r=0,p=1,1<q< oo, (42)
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s=0,g=00,1<p< 0. (43)
Now J : W (Q) — Wz (Q)* is well-defined and continuous if

(42) holds and

Ulw

1
> Pl
or

l

p

(43) holds and ~ > %, (44)
or

(42) and (43) do not hold, and == > (1 - 1)
p ) 4

This this follows from the Sobolev embedding theorem (5), see also [7], Section
4.

Next we want to give some motivation why to consider spaces with negative
degree of smoothness W,~*(Q). The space W, *(Q) plays a central role in the
theory of elliptic partial differential equations, in connection with the weak
form. Let m € N and consider the bilinear form a on WJ*(Q), defined by

a(u,v) = Z aap(x)Du(z)DPv(z)dr  (u,v € Wi (Q)),
0¢|7|5Sm/;2

where aq5 € C(Q). We assume that a is W3 (Q)-elliptic, meaning that

la(u, v)| < allullwg@llvllwe @

a(u,u) > 02”“”%/[/2’"(Q)

for u,v € V~V2m (Q). The weak elliptic problem associated with a is the follow-
ing. Given f € W5 ™ (Q), find v € W3*(Q) such that for all v € W3 (Q)

a(u,v) = f(v). (45)
By ellipticity, the problem has a unique solution Sy f € VNVQW (@), and
So s W5 ™(Q) — W (Q)

is an isomorphism. For r € Ny we seek to solve the weak problem for f €
W3 (Q). The solution operator, that is, the operator, which maps the problem
instance f € WJ(Q) to the solution u of (45) is

Sl = Sod - WE(Q) L Wy ™(Q) 22 Wi Q). (46)

Since Sy is an isomorphism, we immediately derive from (46) the connec-
tion to approximation of J:

Corollary 1. Let m € N. Then there are constants cy_4 > 0 such that
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w (B W ™ (@) < e (S, By (@), W3"(Q))
< d“(J Bw; @) W2 "(Q))

/\

and

3enan(j7 BW;(Q)a WQ_m(Q)) Yan(SCH BWT (Q)>» Wzm (Q))
< cae?™(J, Bwy @), Ws ™ (Q)-

We also consider approximation in the more general space W . (Q)*, because
by (40) upper bounds are stronger, while the lower bound methods from [7]
work equally for both cases qu (Q)* and W2 (Q)*.

Moreover, let us also point out an interesting connection to a problem
of weighted integration, not with a fixed weight, but simultaneous integra-
tion over Sobolev classes of weights. We discuss this only briefly, leaving the

detailed exploration open to future research.
First we consider the deterministic case. Let A € AS(W)(Q), W (Q)*),

Af =" flaii,
i=1
with z; € Q and ¢; € Wi.(Q)* (i =1,...,n). We have
6(J7 Aa BW;(Q)a W;* (Q)*)

= sw |f~ Aflws or

feBwya
= sup HJf f(z
feBuwr@) Z We Q)"
n
= sup sup / f(@)w(x)de — Z fx) (i, w).
fe€Bwp @) wEBwe, (@) i=1

This way we approximate the weighted integral f 0 f(z)w(z)dx by a quadra-

ture Y., (¢, w)f(x;). The quadrature weights depend on the integration
weight w only through n linear functionals, and the error is taken uniformly

over the integrands f and weights w.
In the randomized case we let A € A7 (W, (Q), W;.(Q)*),

A= ((“Qv 2,P), (Aw)weﬂ)a

Auf = Z f(xi-,w)1/)i.,w (we ),

=1

with z;, € Q and ¢;, € W5 (Q)* (i =1,...,n, w € 2). Then we have
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E(J, A7 BWTT(Q)v qu* (Q)*)

= sup E|Jf- Awf”W;* (@)~
fEBw;(Q)

= sup EHJf_if(xi’“’)wi’“’H
i=1

fGBW;f(Q) qu* (Q)*

n

/{D2 F@yw@)ds =S f(s0) i)

i=1

= sup E sup
feBwp)  wEBwe, (@

Thus, similar to the deterministic case, we approximate fQ f(z)w(x)dx by a
quadrature, this time a stochastic one, and the quadrature weights depend on
the integration weight w through n random linear functionals. Moreover, ob-
serve that the error criterion is different from the usual one in the randomized
setting, namely, it is uniform over the class of weights.

After these motivations let us state the main results on approximation. In
the deterministic case, we have the following.

Theorem 3. Let r,s € Ny, 1 < p,q < oo and assume that (44) holds. Then
there are constants ci—4 > 0 such that for all n € N with n > 2, if the
embedding condition (6) holds, then

Cln_’y1 < erdlet(ja BW;(Q)v qu* (Q)*)

< e?ft(‘]a BW;(Q)u qu* (Q)*) < CQni’Yl (IOg n)yl )

. [r+s 1 1> r
= min —l-—-=) .=, 47
7 ( ~-G-0) d) (a7)

1
14f f:—*,p:1,1<q<oo,
v = d q

where

0 otherwise,
and if the embedding condition (6) does not hold, we have

cs < €x(J, Bwr i) NC(Q), Wy (Q)")
< ey (J, By ) N C(Q), W (Q)F) < ca.

The case of the embedding condition is essentially due to Vybiral [22],
based on results of Novak and Triebel [15], with the exception of the case
s/d=1/p—1/q with 1 < p < ¢ < oo, which was shown in [7]. The result
of Theorem 3, for the case that the embedding condition does not hold, was
proved in [7].

To state the next result put p = min(p, 2),
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11 1
9—3—<———) , T=1——,
d \p q/, p

0 if 0>71
1 if f=7andp<qg<
2—1/pif 6=1andp<q=c0
vh =14 2 if 0=randp=gqg=o00 (49)
1 if f=7andp>q
0 if 0 <7 and min(p,q) < oo
0 if f<tandp=q=occ.

The main approximation result in the randomized case is

Theorem 4. Let r,s € Ny, 1 < p,q < 0o and assume that (44) holds. Then
there are constants c1,co > 0 such that for all m € N with n > 2

an 1 < e (], Bw:(q), We(Q)Y)
< en™(J Bwr@) We-(Q)") < con” " (logn)”,

[ r+s 1 1> r 1
Yo = min —l-——] ,=+1—-=, 50
’ < d <p q), d p) (50)

Vé lf Y2 > 07
vy = .
0 of v =0,

where

(51)

and vl is given by (49).

This result is proved in [7]. Together with the randomized case of Theorem 1
it solved a problem posed by Novak and Wozniakowski, see [16], section 4.3.3,
Problem 25. Even the case p = ¢ =2, Q = (0,1) of Theorem 4 was new. The
algorithm realizing the optimal rate is discussed in the next section.

For the weak elliptic problem we conclude (see also [7], Corollary 7.1 for
a slightly more general statement)

Corollary 2. Let r € No, m € N. Then there are constants ci_g > 0 such
that for all n € N with n > 2, if the embedding condition (6) holds,

als

cn~d < e,dft(Se“,BW;(Q),WQ’”(Q)) < con~ 4,
if the embedding condition (6) does not hold,

cs3 < e0(S, By o), W3'(Q)) < cu,
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and, independently of the embedding condition,

m

esn™ a2 < (S, By ). WEH(Q)) < con™ # (% 2) (log n)

14 2217
Vg_{ /=

0 otherwise.

For the problem of integration with variable weights we obtain

Corollary 3. Let r,s € No, 1 < p,q < oo and assume that (44) and the
embedding condition (6) hold. Then there are constants c1,co > 0 such that
for allm € N with n > 2

cln—’h
< inf sup [ f@u@is = Y- fawiw)
(@i%) feBwy ) weBws, @ |/Q i=1

< con " (logn)*t,

where y1 and vy are given by (47) and (48), and the infimum is taken over
all families (z;)1<i<n C @, (¥i)1<i<n C qu* (Q)*.

Corollary 4. Let r,s € Ng, 1 < p,q < 0o and assume that (44) holds. Then
there are constants cy1,co > 0 such that for alln € N with n > 2

cln—’Yz
n
< inf sup E  sup / f(z)w(x)dx —Z f(@iw) (i e, w)
(Zi,w,%i,0) fGBWPT(Q) ’LUGBW;*(Q) Q i—1

< con "2 (logn)"?,

where y3 and vy are given by (50) and (51), and the infimum is taken over
all families (i )1<i<n,wen C Q and (Yiw)1<i<n,wee C Wi (Q)* satisfying
conditions (1-3).

Given 1 < p < o0 and r € Ny, let us put ¢ = p and choose any s € N
satisfying

S 1

->1--

d p
hence (44) holds, v1 = 4, v1 = 0, 72 = 5 and v, = 0. Now setting w(x) = 1,
we recover from Corollaries 3 and 4 the upper bounds of Theorem 2. However,
the resulting algorithm (see the next section) is more complicated than the

one presented in Section 3.
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5 Approximation of J : W;(Q) — W (Q)* — the
algorithm

In this section we want to explain some ideas of the construction of the
algorithm from [7] which gives the upper bound in Theorem 4. If (44) holds,
then, as shown in [7], proof of Proposition 4.1, we can find a number 1 < u <
oo such that both embeddings

J1:Wy(Q) — Lu(@Q)

and
J2,0: Wi (Q) — Lu-(Q)
are continuous. Let

Vi : Lg(Q) — Lg=(Q)*
be the embedding given by

Vut,9) = (fr9) (f € Lg(Q), g € Lo (Q)), (52)

which, in fact, is just the identity operator on Ly (@) for 1 < ¢ < oo and the
canonical embedding of L1(Q) into Lo (Q)* = L1(Q)** for ¢ = 1. Hence with

Jo = J5 oVt Lu(Q) — Wi (Q)7, (53)
the embedding J can be factorized as

T W Q) 5 Lu(@) 2 Wi (@),

For the approximation of J; we use the algorithm from Proposition 1, see
below. The key part of the approximation of J is that of Jy. We use the
duality (53). Let us note the following to explain the next steps. We want
to approximate J3 4V, by operators based on function values. We know how
to do this for Jy o (Proposition 1), but this does not help for the dual J3 g,
because then the delta functionals would appear at the wrong end. Moreover,
we need deterministic error estimates to pass them to the dual. Thus, we start
with a deterministic linear approximation of J q.

Let ¢; (j =1,...,k) be any orthonormal in Ly([0, 1]?) basis of the space
P, of polynomials of degree at most p and let P : L;([0,1]¢) — P, be defined
by

K
Pg=> (9,%5)¢; (g€ L1((0,1]%)).

Jj=1

For | > ly, with [y the constant from Lemma 2, we define, similarly to (18),
an operator P} : W2 (Q) — Ly-(Q) by setting for g € W2, (Q)
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Py = Z XQHQQR“PEHQ
i€y

= b_d2dl Z Z Z(ga XQZiRli(pj) XQLkﬁQRliSDj'

i€ keK; j=1

Then the dual operator

Pl*f = b4 Z Z Z (f’ XQLkﬁQRli@j)XQani@j

€L ke j=1

approximates J3 5. The next idea would be to use simultaneous Monte Carlo
integration for the approximation of the weighted integrals (f, xg,.noRii¥;)-
This, however, does not give the optimal rate. So we resort to a multilevel
splitting. We fix L € Ny, L > [y, and write P, as

L

Po=Y (P—P.1), P,1:=0
I=lo

We can represent (see [7], proof of the first part of Lemma 3.3, for details)

(P = P1)g= Z 2(97 hukj) XQuen@Rikpj (54)
ke, j=1

where the hyy; are defined in the following way. For I > g and k € K let (1, k)
be the unique index i € Z; with Qi C Qu, see (13-17) for the definitions.
Let aqpjm be given by

K
Xau Riuames = ) aigmxQu Rikem,

m=1

which is a correct definition since (Rjxp;)5_; is a basis of the polynomials
P,(Qux) on Q. For the case | = Iy we set for k € Ky, m=1,...,k

K
_ 1—dodl
Pigkem =727 XQu, a0 1) Blo e (o, k) E Qokjm -
=1

Furthermore, for [ > lo+1 and k € K; let v(l, k) be the unique i € Z; 1 with
Qi C Qi—1,i- Let Biijm € K be such that

K
XQu Bi—1,00.k) 05 = Z Bikjm XQu Bk Pm.-

m=1

We put for il > g+ 1, ke K, m=1,...,k
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K
higm = bid?leQl,L(l,k) Rk Z Qjm P;

j=1
—bfde(lfl)XQl,l,m,k) Ri1,00,k) Z BikimP;-
j=1
Passing to the dual, we get from (54)
(P =P0) f =YY (f Xoun@Re;) k- (55)

ke, =1

Now fix any numbers N; € N (I = lp,...,L) and let (fli)f;ﬁlﬁizl be inde-

pendent uniformly distributed on [0, 1]¢ random variables on some complete
probability space ({22, X5, Ps). Put

Eiki = T + D276,

where we recall that x;; is the point in @ with minimal coordinates, so
(éz;ﬂ-)ﬁﬁl are independent, uniformly distributed on @Q;; random variables.
We approximate the scalar products in (55) by the standard Monte Carlo
method

(f, XQun@Rikp;)
Ny
~ N7HQu! D f i) (Ruees) (i)
zfjlvl ~
= N2 T Flau + 0271 ) ().
i=1

Here f is defined by

2y [ fl@if ze@
f(“’)_{o if zeQ\Q, (56)
where
Q= U Quk-
kek,

This leads to the following approximations. For f € L,(Q), wa € {2,

(P—P_1) f~ AP ¢

l,wg
r N

= b2 ANt Z ZZ f(wlk + 027y, (w2)) @i (&i(w2)) harg,  (57)

kEK, j=1 i=1
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and, summing over the levels,

L kN
~ At(di)f = bd Z 27lel71 Z Z Z f(fElk + b2il§li) L5 (&i)hlkj-
1=lo ke, j=1 i=1

We are ready to define the final algorithm (Au,)w,en, for the approxi-

mation of J : W (Q) — Wg.(Q)*. For Ly € No, Ly > Ip let (P, )
be the algorithm defined in (19) with (£21, X1,P1) the associated probability

space. We put
(20, Xo,Pg) = (§21, X1, P1) x (§22, Xo,P2)

and use Pl(lll).,wl for the approximation of J; — which is a way of variance
reduction similar to that in the integration algorithm (37) in Section 3. Then
AL(UQZ) is applied to the difference f — PL(ll),wl f. Hence we set for wy = (w1, w2)
and f € W) (Q)

Awof = Pl(,ll),wlf + Aa(u22) (f - PI(/11),w1 f)

We refer to [7] for the appropriate choice of the parameters and the error
analysis giving the upper estimate of Theorem 4.

6 Indefinite integration and approximation in spaces of
functions with dominating mixed derivatives

This chapter is based on [8], where indefinite integration was studied. Here,
however, we mainly explore the connection to approximation in certain
Sobolev spaces of functions with dominating mixed derivatives, which has
not been considered in [8].

In this section we put

Q =1[0,1]%
Let 1 <p<oo,1=(1,1,...,1) € N and define

W@ ={feF@: 30€ 1@ S0 = [ gt @ cQ)}

where for = (21,...,,24) we put [z,1] = [1,1] X ... X [z4,1]. The space
W, (Q) is equipped with the norm

11 @) = I fllzp@) = l9llz,@)-
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So Wpi(Q) is a space of functions with dominating mixed smoothness and
boundary conditions (these functions vanish for all z € @) with at least one
coordinate equal to 1). Let Wz} (Q) be the closure in VAVZ}(Q) of the set of
infinitely differentiable functions with support in the interior of ). Let

Up : Wy (Q) — W, (Q)
be the identical embedding. We define for 1 < p < 0o
-1 _ Tisl *
Wp (Q) - Wp* (Q) .
Similarly to Section 4, our goal is to study stochastic approximation of
T+ Lp(Q) — We (@)

and ~ s
J=UgJ : Lp(Q) — W (Q)F (58)

for 1 < p,q < oo, where J is defined by
(Jf)(g) = /Q f@e@dz (f € LyQ), g eWLWQ).  (59)

It is easily verified that J and J are continuous injections. We shall relate the
embedding J to indefinite integration, investigated in [8]. For this purpose
we introduce the operator S : L,(Q) — L4(Q) of indefinite integration by
setting for f € L,(Q) and x = (z1,...,2q4) € Q

(SF)(z) = / f(t)dt:/Oxl.../omdf(tl,...,td)dt.
[0,2]

Clearly, S is continuous for all 1 < p, ¢ < co. To establish the connection to
J we also introduce a related operator Sg : L,(Q) — L4(Q) by

(Sof)(z) = f(t)dt.

[x,1]

For f,g € L1(Q) we have

(Sf,9) = (f, 509)- (60)

Furthermore, the operator Sy is an isometric isomorphism from L, (Q) to
W,.(Q) (meaning that Sp maps Lg-(Q) onto W, (Q) with preservation of
the norm). Hence, the dual operator

S5+ W (Q)" = Ly (Q)
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and its inverse B
(55) 7" Lo+ (@) — Wy (Q)
are isometric isomorphisms, as well. Next we show that J can be represented
as
T Ly(Q) S L@ L (@) L L (@) (61)
where V; is the canonical embedding, see (52). Indeed, let f € L,(Q) , g €
Wl}* (Q). Then, using (60) and (52),

((S3)"'VySf.9) = (VaSf, 55" 9) = (S£, 55" 9) = (f.9),

from which (61) follows. Since (Sg)~! is an isometric isomorphism and, for
1 < ¢ < o0, V, is the identity of L,(Q), we conclude in this case

e (J, Br ), W (Q)*) = €5(S, By, (). Lqe(Q)). (62)

This relation also holds for ¢ = 1, because then V; is an isometric embedding
of L1(Q) into L1(Q)** such that the range V1(L1(Q)) admits a projection of
norm 1 from Lq(Q)**, see, e.g., [11], §17, Th. 3 (in combination with §3, Th.
7 and §15, Th. 3). Taking into account (58) and ||U,|| = 1, it follows from
(62) that

e(J, B, Wi (Q)F) < €2™(J, Br @), Wi (Q)). (63)

The respective counterparts of (62) and (63) for the deterministic minimal

error ed°t also hold. We are ready to apply the following result from [8].

Theorem 5. Let d € N, 1 < p < 0o and p = min(p,2). Then there are
constants ¢y, co > 0 such that

cn TP < e (S, BLP(Q),LOO(Q)) < con /P,

Using this theorem, we can derive the respective results for the embedding
operators J and J as well as an easy generalization of Theorem 5 itself.

Corollary 5. Let d € N, 1 < p,q < o0 and p = min(p,2). Then there are
constants c1_4 > 0 such that

e TP < (8B (), La(Q)) < con” TP (64)

< cyn MR, (65)

Proof. The upper bound in (64) follows from Theorem 5 and the continuity of
the embedding Lo (Q) — Lq(Q). The upper bound of (65) is a consequence
of (62), (63), and the upper bound of (64).
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The lower bound of (65) is shown by a reduction to integration. Let
be a C°°-function with support in @ satisfying » > 0 and ¢ # 0. Define
S1:Ly(Q) — Koas

S/ = /Q f@p@)dz (f € Ly(Q).

By (59),
(Jf.0) = Sif,

thus
e (51 B0 K) < I8l @) € (7, Br, (@) Wer (Q));

while it is well-known that
en(S1, B, 0), K) > en 1P,

see [14]. Finally, the lower bound of (64) follows from (62), (63), and the
lower bound of (65). O

Let us mention that in the deterministic case there is no convergence to
zero of the minimal error. This is easily shown by reduction to integration,
in the same way as in the proof of Corollary 5. Thus, we have

Corollary 6. Let d € N, 1 < p,q < co. Then there are constants ci—4 > 0
such that

c3 < ed°t(J, BLP(Q)qui* (Q)) < edet(J, BLP(Q)qui* (Q)") < ca.

So far the constants in the estimates could depend in an arbitrary way on
the dimension. Now we take a closer look at the upper bounds with the goal of
establishing polynomial dependence of the constants on the dimension, hence
tractability, see [16, 17] for this notion and the theory thereof. We restrict
our considerations to the case ¢ = oo, since in this case the problems S and
J are normalized, meaning that

IS+ Lp(Q) = Lo (@) = I/ : Lp(@) — WH(Q)"|
=1/ Lp(Q) = W@l =1,

so tractability with respect to the absolute and relative error criterion (see
[16, 17]) coincide.

Most tractability results were established for weighted problems, that
is, with a decreasing dependence on subsequent dimensions. Here we show
tractability for certain unweighted embedding operators. We again use the
connection to indefinite integration (62) and a respective result from [§8]. For
this sake we introduce the simple sampling algorithm. Let (&;)"_; be indepen-
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dent, uniformly distributed on @ random variables on a complete probability
space (§2, X, [P). We approximate the indefinite integration operator S by

SN = | xoa®F
S (Ano)@) = = Y X @) S(6() (€ Quue )

thus
1 n
SfaAnwf =~ 2}‘(&))([&,1]'

We note that this algorithm satisfies consistency (1), but does not possess
the measurability properties (2) and (3). However, for each f € L,(Q) the

mapping
weN—|Sf- An,wf”Loo(Q)

is X-measurable, see [8] for these facts and also for another algorithm with
the same approximation properties, but fulfilling (1-3).

The following was shown in [8]. A proof of a generalization of (66) is given
in Section 7.

Theorem 6. Let 1 <p < oo, 1 <p; < o0, p1 <p, and p = min(p,2). Then
there is a constant ¢ > 0 such that for all d,n € N, Q = [0,1]4, f € L,(Q),

1/p1 e _
(BISS = Anwt I} q)) < cd o™ 2| fllL ), (66)
and moreover,
™ (S, BL,(q)s Loo(Q)) < cd' /P~ 1H1/P, (67)

Let us define a related algorithm on L,(Q) with values in W (Q)* by
setting for f € L,(Q) and w € 2

AL f = Z F(&i(w))de, (w)
i=1
with the & as above and 0, € W[ (Q)* given for z € Q by
(9,02) = g(z) (9 € W(Q)).

A corresponding algorithm /151120 with values in W(Q)* = WZ'(Q) is defined
by

AQLF =UTADLF =Y F(€(w)de ), (68)
i=1
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with 0, standing for §,, interpreted as a functional on the subspace Wli (Q).
We use Theorem 6 to derive the following error estimates for the algorithms

AS) and fl,(zl) .

Proposition 3. Let 1 < p < o0, 1 < p; < o0, p1 < p, and p = min(p,2).
Then there is a constant ¢ > 0 such that for all d,n € N, Q = [0,1]¢,

feLy(Q),
E(17F - A0 ) <E (1 - A ) (©)
n,w WO—OI(Q) = nw/ lIyIQ)«
< el VI f L (70)

and moreover,

(T, B, W (@) < e (] Br, (@), W1H(Q)")
< ed VP TIHY/P, (71)

Proof. Inequality (69) follows from (58) and (68). To show (70), we first note
that for g € qu* (@) and = € @ we have

(9 (S5) " "X(e1) = (509 X (1) = (S0(Sg ' 9)) ()
=g(z) = (9,6z),

thus
(Sg)il)([m,i] = 0. (72)

Consequently, using (61) (noting that V. is the identity of Lo (Q)), (72),
and (66) of Theorem 6, we get for f € L,(Q)

N 1/p1
E (HJf - AuLS] Ivj”vm)*)
E( 73 s )Um
= o (33| IS
P WiQ)

E< (5757 — 37 7€) (59 vie
=1

1/p1
p1
Wf(@)*)

n 1/p1
E < Sf =2 F&xien||, (Q)>

=1

1/p1

=E (HSf - An,wailw(Q)) < cd' VPP,

Finally, (71) follows from (67), (62), and (63). O

The results in this section are very specific, leaving much room for further
investigations, e.g., of smoothness different from 1, of other source spaces than
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L,(Q), and of more general domains (). In the latter direction a generalization
of the first part of Theorem 6 is given in the next section.

7 A generalization of indefinite integration and
tractability of discrepancy

Let (G,G) be a measurable space, that is, G is a nonempty set and G a
o-algebra of subsets of G. Let C C G be a family of measurable subsets of
G. Recall that the Vapnik-Cervonenkis dimension v(C) is defined to be the
smallest m € Ny such that for each set B C G with m + 1 elements the
following holds

HBNC:Cec} <2mt,

if there is such an m, and v(C) = oo, if there is none. If v(C) < oo, the
family C is called a Vapnik-Cervonenkis class. Let 1 be a probability measure
on (G, G) and define the following generalization of the indefinite integration
operator

Sc : Lp(G, 1) — £(C)

by setting for f € L,(G,p) and C € C

(Se/)(C) = /C F(O)du(t).

Note that here we have again weighted integration. This time the weight is
fixed, but we seek to approximate simultaneously over a family of integration
domains.

We shall study randomized approximation of S¢ for Vapnik-Cervonenkis
classes C. For this purpose we define the analogue of the simple sampling
algorithm. Let (&), be independent random variables on some probability
space (£2, X, P) with values in G and distribution u. For f € L1(G, ), C € C,
and w € (2 put

(Anwh)O) = 3 xol(E(w)) F(6())

This algorithm satisfies consistency (1), but may fail the measurability
properties (2) and (3), even for countable C. We refer to [8], Section 6.3
for an argument which is easily seen to cover also the present situation. On
the other hand, it is easy to verify that for countable C we have again the
following weaker measurability property. For each f € L,(Q)

|Scf — Anwfllew o)

is Y-measurable.
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The next result generalizes Theorem 6. We adopt the proof of [8], Lemma
3.3 to this general setting. How to pass to the uncountable class involved in
Theorem 6 is discussed below.

Theorem 7. Let 1 <p < o0, 1 <p; <00, p1 <p, and p = min(p,2). Then
there is a constant ¢ > 0 such that the following holds. For any (G, G, u) and
(&)1 as above, any countable family C C G and any f € L,y(G, p)

1/p1 I _
(]E IScf — An,wf”?;(c)) < ()t /By, 1+1/prHLp(G,u)' (73)

Proof. We fix f € L,(G, ). Let Cy C C be any finite nonempty subset and
let Go be the algebra of subsets of G' generated by Cy. Let M(G, Gy) denote
the Banach space of signed measures on Gy, equipped with the total variation
norm. Introduce an operator Je : M(G, Go) — loo(Co) defined by

Jeop = (1(C))cec, -

According to a result of Pisier [18], Theorem 1 and Remark 6, there is a
constant ¢ > 0 depending only on p such that the type p constant of Jg,,
recall the definition (4), satisfies

m5(Jey) < cv(Co) P < ev(C)HP. (74)

Define independent, zero mean, M(G, Gy)-valued random variables (n;)1_; as
follows. For B € Gy we set

0(B) = /B FO)dult) — x5(E)F(E):

‘We have

(Bnia) ™ < (E( [ 110w +156)")
<2\ fllz,, @.m- (75)

1/p1

Next we apply Lemma 1. We assume that p; > p, the other case then follows
from Holder’s inequality. Using (74) and (75), we get
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n pi\ 1/p1
o -2 Y (s )

1/p1
o)

1/p
3 p/p1
< emp(Je,)n ™t <Z (E ||77i||%1(c,go)) )

i=1

E max
CeCo

<E H Z JConz

< CU(C)I_I/ﬁ”_Hl/ﬁHfHLp(G,H)7

from which (73) follows by Fatou’s lemma.
O

For G = [0,1]¢, G the o-algebra of Lebesgue measurable sets, i the Lebesgue
measure, and

C=Cc9 ={[0,2]: z €[0,1]"NQ7},

where Q denotes the set of rationals, we have v(C(9)) = d, see, e.g., [3], Cor.
9.2.15. Moreover, for f € L1([0,1]%) and ty,...,t, € [0,1]¢

sup [0,z]
z€[0,1]4NQ4 [Oyr] ;
1 znj (76)
= sup —
z€[0,1]4 [O,m] n i—1
This is an immediate consequence of 'right’-continuity
lim_ Xjo,41(t) = Xjo,01(t) (€ [0,1]). (77)
Yy—x,Yy>x
Now Theorem 6 follows from Theorem 7.
Given a point set {t1,...,t,} C [0,1]%, the star discrepancy is defined as

1 n
di (1, ..., tn) = sup |][0,2)] — — X[0,z)(ti)
z€[0,1]4 n; 10:2)

The main result of [9] established tractability of the star-discrepancy, meaning
an estimate which has a negative power in n and a constant which depends
polynomially on d:

Theorem 8. There is a constant ¢ > 0 such that for all d,n € N there exist
t1,. .ty €10,1]% with

d* (b, tn) < cd/?nY/2,
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It turns out that we can recover this result — even in a much more general form
— as a direct consequence of Theorem 7. For this purpose, let us introduce the
following generalization of the star-discrepancy. Let (G, G, 1) be a probability
space, C C G any subfamily, let f € L1 (G, ) be a function (not an equivalence
class) and set for {t1,...,t,} C G

/f Jau(t) ;

So this discrepancy measures how well the quasi-Monte Carlo method defined
by the point set {¢i,...,t,} approximates the integral of a function f with
respect to a distribution g, uniformly over all sets C' of a given family C.
From Theorem 7 we obtain

dSm I (ty, ..., t,) = sup
ceC

§I>—‘

Corollary 7. Let 1 < p < 0o and p = min(p,2). Then there is a constant
¢ > 0 such that for for any probability space (G, G, i), countable C C G, and
any function f € L,(G,u) there exist t1,...,t, € G with

dgd%f(th ceey tn) S Cv(c)lil/ﬁnilJrl/ﬁ”f”Lp(Gv“)'

If we choose f =1 and write d$;* instead of d$;*!, we have

)= > xelt)

Corollary 7 with p = oo implies

Corollary 8. There is a constant ¢ > 0 such that for any probability space
(G,G,u) and countable C C G there exist tq, ..., t, € G with

dSH(ty,. .. tn) < cv(C)/2n~ 12,

Note that this result was also obtained in [9], Theorem 4, by slightly differ-
ent tools. Theorem 8 follows from Corollary 8 by taking G = [0,1]%, u the
Lebesgue measure, and

c=cW ={0,z):z€[0,1]"NQ%}.

Then we have again v(C(")) = d and the analogue of (76) holds, which follows
from ’left’-continuity in place of (77).

In this section we only considered upper bounds. For results on d-dependent
lower bounds we refer to [9, 10, 8].
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